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Abstract. Given an oriented surface £ with base point * g 9E, we introduce 
for all N > 1, a canonical quasi- Poisson bracket on the space of A r -dimensional 
linear representations of 7ri(E, *). Our bracket extends the well-known Poisson 
bracket on GLjv-invariant functions on this space. Our main tool is a natural 
structure of a quasi-Poisson double algebra (in the sense of M. Van den Bergh) 
on the group algebra of 7Tl(E, *). 



1. Introduction 

The representation space % = Hom(7r, G) consisting of all homomorphisms from 
the fundamental group 7r of a compact oriented surface to a Lie group G is a rich 
source of geometry. The group G acts on % by conjugations and the quotient %/G 
can be identified with a moduli space of flat connections and with a moduli space of 
holomorphic vector bundles (for appropriate G). For closed surfaces, the space %/G 
carries symplectic geometry. The classical instances are the Weil-Petersson sym- 
plectic structure on the Teichmiiller space (for G = PSL(2, M)) and the Atiyah-Bott 
symplectic structure for compact G endowed with a nondegenerate Ad(G)-invariant 
symmetric bilinear form on the corresponding Lie algebra. A systematic approach 
to the symplectic structure on %/G was introduced by W. Goldman |Gol[ IGo2j in 
extension of the work of S. Wolpert [Woj . Goldman defined a Lie bracket in the free 
abelian group generated by the set of conjugacy classes of elements of 7r and used 
it to compute the Poisson structure on %/G induced by the symplectic structure. 
Surfaces with boundary have a canonical Poisson structure on the quotient %/G. 
It was described in [FRj in terms of ciliated fat graphs and in [GHJWj in terms of 
group systems, see also |AMMj . [La] and the surveys [Auj . |Go3j . [Huj . 

In this paper we show that for surfaces with boundary and G = GLjy(K) with 
N > 1, there is a canonical Poisson- type structure on %. More precisely, consider 
a compact oriented surface £ with non-void boundary. Set n = 7ri(S, *) with 
* £ and % = Hom(7r, G). Since -k is a free group of a finite rank, n, a choice 
of a basis of it yields a bijection % = G". This induces a structure of a smooth 
manifold on % independent of the choice of the basis. Moreover, the action of G 
on % by conjugations is smooth. A. Alekseev, Y. Kosmann-Schwarzbach, and E. 
Meinrenken [AKsMj introduced a notion of a quasi-Poisson structure on a smooth 
manifold endowed with a smooth action of a Lie group. We construct here a 
canonical quasi-Poisson structure on %. One may think of this structure as of a 
skew-symmetric bracket { — , — } in the algebra C°°(%) of smooth R-valued functions 
on % satisfying the Leibniz identity and the modified Jacobi identity 



{/, {<?, h}} + {g, {h, /}} + {h, {/, g}} = <f>(f, g, h) 
i 
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for any f,g,h€ C°°(H). Here <fi £ A^l^R) is the Cartan trivector and the action 
of the Lie algebra gl^R) of G = GLat(R) on C°°(H) is induced by the action of 
G on TL by conjugations. Both G and the group Homeo(E, *) of isotopy classes of 
orientation-preserving self-homeomorphisms of the pair (£, *) act on % by bracket- 
preserving diffeomorphisms. In particular, the bracket is preserved under the Dehn 
twists about simple closed curves in S. More generally, an orientation-preserving 
basepoint-preserving homeomorphism of surfaces induces a diffeomorphism of the 
corresponding representation spaces commuting with the action of G and preserving 
the quasi-Poisson bracket. 

The usual Poisson structure onH/G is determined by our quasi-Poisson structure 
on H as follows. By a smooth function on H/G we mean a G-invariant smooth 
function on H. The subalgebra C°°(H) G C C°°('H) of smooth functions on H/G 
is closed under our quasi-Poisson bracket { — , — } and the restriction of { — , — } to 
C°°(H) G is a Poisson bracket. The latter bracket divided by two is the usual 
Poisson bracket in the algebra of smooth functions on H/G. 

Quasi-Poisson structures on H = G n were first constructed in [AKsM . The ap- 
proach of [AKsMj consists in producing explicit quasi-Poisson structures on G and 
on G x G, then combining copies of these structures into a quasi-Poisson structure 
on G n by a process called "fusion" , and finally identifying H with G n via a choice of 
a basis of n. This construction produces a family of quasi-Poisson structures on % 
numerated by certain bases of 7r. These structures a priori are not invariant under 
the action of Homeo(S, *). Nevertheless, we show that our quasi-Poisson structure 
on H. coincides with that of }AK sM for a specific choice of a basis of w. 

Our construction of the quasi-Poisson structure on % proceeds in two steps. 
First, we introduce an abstract notion of a quasi-Poisson algebra and show how 
to turn the coordinate algebra of H (in the sense of algebraic geometry) into a 
quasi-Poisson algebra. Then we extend the quasi-Poisson bracket in the coordinate 
algebra of T-L to all smooth functions on %. 

The definitions and results introduced at the first step apply to both compact 
and non-compact surfaces and hold over any commutative ring K rather than R. 
To work in this generality, we replace the coordinate algebras as above with more 
general algebras An derived from the group ring A — K7r of 7r. The key new point 
is a relationship between Fox pairings in A and the theory of quasi-Poisson double 
brackets due to M. Van den Bcrgh [VdB . Namely, we show that the Fox pairing 
in A defined in [Tuj induces a quasi-Poisson double bracket in A. The Van den 
Bergh theory, which provides a version of Poisson geometry for non-commutative 
algebras, produces then a quasi-Poisson structure on An. 

The present work opens a number of further directions of study: compute our 
quasi-Poisson bracket via local geometry of representation spaces; compute the 
bracket in terms of fat graphs and compare it to the construction of Fock and 
Rosly |FRj ; extend our results to other Lie groups or algebraic groups; etc. In a 
sequel to the paper the authors will discuss a high-dimensional generalization of 
the quasi-Poisson bracket in the context of string topology, see Remark 17.41 4. 

Our exposition is essentially self-contained and proceeds as follows. We define 
quasi-Poisson algebras in Section [2] In Section [3] we discuss the algebras An and 
formulate our main theorem. The proof of this theorem occupies Sections |3H3 We 
recall Van den Bergh's theory of double brackets (Section [4j , discuss Fox pairings 
in Hopf algebras (Section [5]), and show how to derive double brackets from Fox 
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pairings (Section [6]). Then we recall the homotopy intersection pairing of |Tu] 
and prove the main theorem (Section [7]). For compact surfaces, we derive from 
this theorem a natural quasi-Poisson structure on the representation manifold T-L 
and explicitly compute this structure in certain coordinates on T~L (Section [8j . In 
Section [9] we consider moment maps and discuss surfaces without boundary. In 
Section [10] we extend a part of our constructions to Fuchsian groups. We conclude 
with two appendices. In Appendix|A]we discuss in more detail certain group actions 
and Lie algebra actions on ^ introduced in Section [3] In Appendix [Bl we compare 
the quasi-Poisson structures on H introduced in this paper and in [AKsM . 

Throughout the paper we fix a commutative ring K. Unless stated otherwise, by 
a module we shall mean a K-module, and by a linear map of modules we mean a 
K-lincar map. By an algebra we shall mean an associative unital K-algebra. 

Acknowledgements. The work of G. Massuyeau was partially supported by the 
French ANR research project ANR-08-JCJC-01 14-01. G.M. would like to thank 
his colleagues in Strasbourg for helpful conversations: P. Baumann, C. Gasbarri, 
C. Kassel and C. Noot-Huyghe. The work of V. Turaev was partially supported 
by the NSF grant DMS-0904262. V.T. would like to thank A. Ramadoss for useful 
discussions. 

2. Quasi-Poisson algebras 

Inspired by the theory of quasi-Poisson manifolds AKsM] , we introduce in this 
section quasi-Poisson algebras generalizing the familiar Poisson algebras. 

2.1. Poisson algebras. Recall that a derivation of an algebra A is a linear map 
d : A — > A such that d(ab) = d(a)b + ad(b) for all a, b £ A. A Poisson algebra is an 
algebra A endowed with a skew-symmetric bilinear form { — , — } : Ax A — > A which 
is a derivation in each variable and satisfies the Jacobi identity: for all a, b, c £ A, 

{a, {6, c}} + {b, {c, a}} + {c, {a, b}} = 0. 

The form { — , — } satisfying these conditions is called a Poisson bracket. Note for 
the record that for all a, b, c £ A, 

(2.1.1) {b, a} = — {a, 6} and {ab,c} = {a,c}b + a{b,c} . 

We emphasize that we do not require the self-annihilating relation {a, a} = 
for a £ A. Likewise, speaking about Lie brackets we require skew-symmetry and 
the Jacobi relation but not the self-annihilating relation. The reader uncomfortable 
with these conventions may assume from now on that 2 £ K is invertible so that 
the self-annihilating relation follows from the skew-symmetry. 

2.2. Quasi-Poisson g-algebras. The derivations of an algebra A form a Lie al- 
gebra, Der(^4), with Lie bracket [di,c? 2 ] = d\d% — d 2 d\ for all di,d 2 £ Der(^l). A 
(left) action of a Lie algebra fj on A is a Lie algebra homomorphism g — s- Der(^4). 
Given such an action, we say that A is an algebra over q or, shorter, a Q-algebra. 
An element a £ A is ^-invariant if too = for all w £ g. The g-invariant elements 
of A form a subalgebra of A denoted „4° . 
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An example of a g-algebra is provided by the tensor algebra ® n >ofl®" where 
each aieg acts by 

n 

(2.2.1) w(wi (g) • • ■ w n ) = y~] wi g> ■ ■ ■ (g) w^i (g [w, w l ] (g w i+ i g> ■ ■ ■ g> w n 

i=l 

for any wi, . . . , w n € g. A vector a G g® n is skew- symmetric if any transposition of 
tensor factors carries a into —a. The module of g-invariant skew-symmetric vectors 
of g®" is denoted by A™. We shall be specifically interested in this module for n = 3. 
In particular, a nonsingular g-invariant symmetric bilinear form ■ : g x g — >• K defines 
a vector <fi G A 3 which is the skew-symmetric trilinear form 

(2.2.2) g®g®g — > K, (w 1 ,w 2l w 3 )i — >w 1 -[w 2 ,w 3 ] 

viewed as a skew-symmetric element of (g*)® 3 ~ g® 3 through the isomorphism 
g — > Q*,w n> w ■ (— ). We call <\> the Cartan trivector associated to the form ■. 

Fix a Lie algebra g and a vector <f> G A 3 . A g-algebra A is quasi-Poisson if A 
is endowed with a skew-symmetric bilinear form { — ,— } : A x A — > A which is a 
derivation in each variable and satisfies the following two identities: 

(2.2.3) w{a,b} = {wa,b} + {a,wb} 
for all w € g, a, b € A and 

(2.2.4) {a, {b, c}} + {b, {c, a}} + {c, {a, b}} = <j>{a, b, c) 

for all a, b, c € A. Here <f>{a, b, c) G A is the image of <f> € A 3 C g 183 under the linear 
map g® 3 — > ^4 carrying ioi (g) W2 0$ to (wia)(t«26)(w3c) for all W2, W3 G g. 

We call the form {— , — } a quasi-Poisson bracket in A associated with <p. Clearly, 
{A 3 , A B } C A 3 and the restriction of { — , — } to ^4 fl is a Poisson bracket in A 3 . Thus, 
a quasi-Poisson structure in A induces a Poisson structure in A 3 . For g = {0}, a 
quasi-Poisson structure in A is just a Poisson structure in A. 

2.3. Quasi-Poisson algebras over Lie pairs. The notion of a quasi-Poisson 
algebra over a Lie algebra may be generalized bringing a group into the picture. 
To do it, we introduce the following notion: a Lie pair is a pair (G, g) where G is a 
group and g is a Lie algebra endowed with a (left) action of G on g by Lie algebra 
automorphisms. The action is denoted by w 1— > 9 w for w G g and g G G. 

For example, a pair consisting of the trivial group G = {1} and any Lie algebra 
is a Lie pair. The pair consisting of any group and the trivial Lie algebra g = {0} 
is a Lie pair. For K = M, examples of Lie pairs are provided by pairs (a Lie group 
G, the Lie algebra g of G with the (left) adjoint action of G). Further examples of 
Lie pairs are given in Section 12.41 

An algebra over a Lie pair (G,g) or, shorter, a (G,Q)-algebra is a g-algebra A 
endowed with a (left) action of G by algebra automorphisms such that %(o) = 
gw(g~ 1 a) for all w G g, g G G, a G A. An element a G A is G-invariant if ga = a 
for all g G G. The G-invariant elements of A form a subalgebra of A denoted A G . 
Note that .A is stable under the action of G; generally speaking A 3 ^ A G . 

For example, the tensor algebra ©n>o0® ra is a (G, g)-algebra where g acts by 
(|2.2.ip and each g G G acts by 

g(wi ® U> 2 <8> • • • ® Ui„) = 9 Wl 9 W2 <8> • • • ® 9 Wn 

for any iui, . . . , w n G g. 
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An algebra A over a Lie pair (G, g) is quasi-Poisson if A, considered as a g- 
algebra, has a quasi-Poisson bracket { — , — } associated with a G-invariant trivector 
<t> G Ag and for all g G G, a, 6 G A, 

(2.3.1) 5 {a,&} = {. 9 a, 5 &}. 

For G = {1}, we recover the notion of a quasi-Poisson algebra over g. For g = {0}, 
a quasi-Poisson algebra over (G, g) is nothing but a Poisson algebra endowed with 
an action of G by Poisson algebra automorphisms. 

2.4. The Lie pair (Gn,Qn)- We will focus in the sequel on the quasi-Poisson 
algebras over the Lie pair (Gn,Qn) where N > 1 is an integer, Gat = GLjv(K) 
is the N-th. general linear group, and Qn — fll/v(K) is the Lie algebra of N x TV- 
matrices with entries in K. The Lie bracket in g^r is given by [u, v] — uv — vu and 
Gat acts on qn by 9 v = gvg~ x . For i, j G {1, . . . , N} let £ gjy be the elementary 
matrix whose (i, j)-th entry is 1 and all other entries are equal to zero. We consider 
the tensor 

(2.4.1) (l>N = -fij®fjk®fki + fjk®fij®fki eg|l 3 . 

Here and below we sum up over all repeating indices. The tensor (f>N is skew- 
symmetric, Gjv-invariant, and gjv-invariant. Indeed, <pN is the Cartan trivector 
(12.2.21) determined by the trace pairing v ■ w — ti(vw) in q n . Unless explicitly 
stated to the contrary, by a quasi-Poisson bracket in a (Gjv, gjv)-algebra we will 
mean a quasi-Poisson bracket associated with (f>N- 

3. The algebra A n and the main theorem 

In this section, we derive from an arbitrary algebra A a sequence of commutative 
algebras (An)n>i- Then we apply this construction to the group algebras of the 
fundamental groups of surfaces and state our main theorem. 

3.1. The algebra A at. Let A be an algebra. Following |Cbj . |VdB) . we define a se- 
quence of commutative algebras A%, A2, . . . For N > 1, the algebra An is generated 
by the symbols a.^ where a runs over A and i, j run over the set {1,2,..., N}. These 
generators commute with each other and satisfy the following relations: ly = <5y 
where is the Kronecker delta; for all a, b G A, k G K, and i, j G {1, 2, . . . , N}, 

(ka)ij = ka tj , (a + 6)y = a i3 + b i3 , and {ab) tj = auhj. 

(In accordance with our conventions, in the third relation, we sum up over the 
repeating index I.) The construction of An is functorial: any algebra homo- 
morphism / : A — >• A' induces an algebra homomorphism Jn : Am — ► A' N by 
/iv(oij) = (f(a))ij for all a £ A and i,j G {1, . . -,N}. 

The definition of An is designed so that the functor Alg — > CAlg,A M> An is 
left adjoint to the functor CAlg — > Alg, B M> Matjv(i3). Here Alg and CAlg are the 
categories of algebras and commutative algebras, respectively, and Mat at (Z?) is the 
algebra of N x iV-matrices over B. In other words, for any commutative algebra B, 
there is a canonical bijection 

(3.1.1) RomcAi g (A N ,B) ~ Kom A i g (A,M&t N (B)) 

which is natural in A and B. The bijection (|3.1.1j) carries any r : An — > B to the 
homomorphism A — > MatAr(5) sending any a E A to the iV x iV-matrix (r(a,i 3 
The inverse bijection carries any s : A — > Mat n (B) to the homomorphism An ^ B 
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sending a generator aij to the (i, j)-th term of the matrix s(a) for all a G A. The ex- 
istence of a natural isomorphism HomcAig(AN, —) — Hom^ti a (vl, Mat^v(— )) can be 
rephrased in the language of algebraic geometry (see [Pol pp. 17-18] or [Jal §1.1.3]): 
there is an affine scheme (over K) whose set of J3-points is HomM g (A, Matjy(-B)) 
for any commutative algebra B, and An is the coordinate algebra of that scheme. 

The linear map tr = trjv : A — > An carrying any a G A to tr(a) = Yli=i a a € An 
is called the trace. It is easy to check that tr([A, j4]) = where [A, A] is the 
submodulc of A spanned by the set {ab — ba} a ,beA- Hence the trace induces a 
linear map A/[A,A] —> An also denoted by tr. For any algebra homomorphism 
/ : A —> A', the homomorphism /at : An — > A' N satisfies /at tr = tr / : A — >• A' N . 

The algebra A\ corresponding to JV = 1 is the maximal commutative algebra 
obtained as the quotient of A. More precisely, the homomorphism tr : A — > A\ is 
surjective and its kernel is the two-sided ideal of A generated by [A, A]. 

3.2. Actions on An- For all JV > 1, we turn the algebra An of Section I3TT1 into an 
algebra over the Lie pair (Gn,Qn) = (GLjv(K), 0[^(K)) introduced in Section l2~4l 
The action of Gat on An by algebra automorphisms is defined by 

(3.2.1) ga. l3 = {g~ 1 ) i ,k9i,j a-ki 

for all g = (s%,i)ju=i e &n, a € A and i, j G {1, 2, ... , JV}. Though one usually 
writes numerical coefficients to the left of the variables, as on the right-hand side 
of (I3.2.ip . it is easier to remember this formula in the following equivalent form: 

(3.2.2) gatj = {g~ 1 )i,k a*/ gi.j- 

In the sequel we rather write our formulas in the latter form. The Lie algebra qn 
acts by derivations on the algebra An by 

(3.2.3) waij = a ls w s ..j - w^ s a SJ 

for all to = (wk,i)ki=i 6 Qn, a, e A and i,j e {1, 2, . . . , JV}. In terms of the 
elementary matrices fki € Qn we have fkidij — 5ijO-ik — Sikaij for all i,j,k,l. 
Direct computations show that formulas (|3.2.2[) and (|3.2.3p are compatible with 
the defining relations of An and turn An into a (Gn, 0v)-algebra. It is clear 
that for any algebra homomorphism A — > A', the induced algebra homomorphism 
An —> A' N is (Gat, 0Ar)-equivariant. 

The action of Gat on Ajy has the following origin. Given a commutative algebra 
B, the group Gn acts on MatAr(J3) by M n- gMg^ 1 for M G MatAr(i3) and g G Gat. 
This induces a (left) action of Gat on Honing (A, Matjv(J8)) and, via (|3.1.1[) . a (left) 
action of Gn on Homc/i/g {An , B). The latter action is natural in B and therefore, 
by the Yoneda lemma, it induces a (left) action of Gat on An so that 

(3.2.4) r(gx) = (g^r^x) for any r G UomcAi g {A N , B), g G G N , x G A N ■ 

For B — An, r = id : An — > B, and x — with a G A and i,j G {1, . . . , JV}, 
we obtain gctij = (g~ id)(flij) = (g~ 1 )i,kO'kigi,j as in our definition (13.2.21) of the 
action of Gn on An- The actions oi Gn and qn on Aat are further studied in 
Appendix lAl 

The algebra Aat has three useful subalgebras: ^4^' ^v™' ano ^ ^ ne algebra 
generated by tr(A) C A N . It is easy to check that A N C n A^™. When 
IK is a field of characteristic zero and the algebra A is finitely generated, we have 
A N = A% N and therefore A% N C A% N ; see [LbP], [Cb]. 
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3.3. The case of a group algebra. Given a group n, we can apply the con- 
structions above to the group algebra A = Kit. This gives for each N > 1 a 
commutative (Gn, 0jv)-algebra An = (^t^)n generated by the commuting sym- 
bols a,ij where a G i and i,j G {1, . . . , N} subject to the relations ljj = &y and 
(ab)ij = aabij for all a, b G ir and i,j G {1, . . . , N}. Note that A/ [A, A] is the free 
K-module with basis -ir where n is the set of the conjugacy classes of elements of 7r. 
For all N > 1, we have the linear map tr : Ktt — ► An- The discussion at the end of 
Section |3~T1 shows that A\ is the group algebra of H\(-k) = tt/[tt,tt], and the map 
tr : Ktt — > A\ is the linear extension of the obvious projection 7r — > Hi(w). 

For a commutative algebra B, consider the group GLn(B) of invertible N x N- 
matrices over B and set Hb = Hom(7r, GLn(B)). Restricting algebra homomor- 
phisms A — > Mat n (B) to ir C A, we obtain a bijection 

Rom Mg (A, M&t N (B)) ~ Hom(7r, GL N {B)) = H B 

and, composing with p.l.l[) . we obtain a bijection 

(3.3.1) H B ~KomcM g (A N ,B). 

Thus, there is an afhne scheme (over K) whose set of £?-points is TLb for any 
commutative algebra B, and An is the coordinate algebra of that scheme. 

Note that every x S An determines a function Wb — ► S which corresponds 
under (|3 .3. 1[) to evaluation at x. This defines the evaluation map 

(3.3.2) ev b '• An — > Map(n B , B), 

which is an algebra homomorphism from An to the algebra Map(%B,-E?) of B- 
valued functions otiHb with point-wise addition and multiplication. For any a G n, 
i,j G {1, . . . , N} and s G Hb, we have 

(3.3.3) evs(ay)(s) = (i, j')-th term of the matrix s(a). 

The action of Gat on GLtv(B) by conjugations induces an action of Gjv on Tig; 
the latter induces an action of Gn on M&p(Hb,B) so that (gf)(h) — fig^ 1 ^ for 
any g G Gat, / G Map(Hs,_B) and /i G Hs. The map evs is Gjv-equivariant: 
evs(gx) — gevsix) for any x G Aat and g G Gat. Indeed, for any s G Hb 
corresponding through (|3.3.1[) to r G Homc4; g (yljv, B), we have 

ev B (5a;)(s) = r(gx) {g^r^x) = cv B (x)(g^ 1 s) = (gev B (xj)(s). 

Consider now the case where tt is a free group with basis {x u } ue jj indexed 
by a (possibly infinite) set U. It follows from the definitions that the algebra 
An = (K7r) jv is generated by the commuting symbols xfj = (x u )ij andx"^ = (x^ 1 )^ 
with u € U, i,j G {1, . . . , AT} subject only to the relation 5y = Sij for all w, i, j. 
These relations may be expressed by saying that the N x A^-matrices x u = {xfj)ij 
and x u = (xij)i,j are mutually inverse for all u. The same algebra is generated by 
the commuting symbols y u and xfj with net/ and i, j G {1, . . . , A^}, subject to 
the relation y u det(x u ) = 1 for all u. If U is finite and n — card(?7), then An is 
the tensor product of n copies of the algebra generated by the commuting symbols 
y and Xij with i,j G {1, . . . , A^} subject to the single relation y det ((xij)ij) = 1. 
This is compatible with the standard computation of the coordinate algebra of the 
affine scheme obtained as the direct product of n copies of GLat (see, for example, 
[Pol Example 3.5.6] or Ja, §1.2.2]). 
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3.4. Main theorem. We state our main result. The definition of Goldman's Lie 
bracket used in this statement will be recalled in Section 1731 

Theorem 3.1. Let E be an oriented surface with base point * £ dT,. Let ir = 
7ri(E, *) and A = 'Kit. Then, for all N > 1, we have the following: 

- the (GniQn)- algebra An admits a canonical quasi-Poisson bracket { — } as- 
sociated with the trivector 4>n; 

- the trace map tr : K-7T — > A^ is a homomorphism of Lie algebras where Kfr is 
endowed with 2 x (the Goldman Lie bracket) and A^ is endowed with the restric- 
tion of the bracket {— , — }. 

The quasi-Poisson bracket in An produced by this theorem is defined by an 
explicit formula and does not depend on any provisional choices (see Section [7]) . 
This bracket is natural in the sense that it is invariant under homeomorphisms of 
surfaces preserving orientation and the base point. 

The restriction of our quasi-Poisson bracket in An to Affi is a Poisson bracket 
turning Affi in a Poisson algebra. The second claim of Theorem 13.11 implies that 
the subalgebra A N of generated by tr(-7r) is a Poisson subalgebra. We may 
summarize the situation by saying that Goldman's bracket multiplied by 2 induces 
a Poisson bracket in ^4^,, and the latter extends canonically to a natural quasi- 
Poisson bracket in An- If 2 is invertible in K, then dividing the latter bracket 
by 2 we obtain a quasi-Poisson bracket in A n which is associated with </)at/4 and 
extends the Poisson bracket in A N induced by Goldman's bracket. If K is a field 
of characteristic zero and E is compact, then A N — A N N and we obtain a Poisson 
bracket in A N N . 

For N = 1 our quasi-Poisson bracket in A\, i.e. in the group algebra of Hi(tt), 
may be computed explicitly by {a, b} = 2(a-b)ab for all a, b E Hi(n) = i?i(£), 
where ■ denotes the homological intersection form of E and we use multiplicative 
notation for the group operation in ffi(E). This bracket is in fact a Poisson bracket, 
which is compatible with the equality ^If 1 = A\. 

The proof of Theorem 13.11 starts with a bilinear form rj in A = Kit defined in 
|Tu| . This form is a Fox pairing in the sense of |MT] . A simple normalization turns 
77 into a skew-symmetric Fox pairing 77 s in A. We show that every skew-symmetric 
Fox pairing in A induces a double bracket in A in the sense of Van den Bergh 
VdBj. The double bracket induced by rj s turns out to be quasi-Poisson. Then a 
construction of Van den Bergh yields a quasi-Poisson bracket in A n- We introduce 
all these tools in Sections [4]-[6] and finish the proof in Section [7] 

4. Double and triple brackets 

We outline the theory of "multiple brackets" due to Van den Bergh VdB]. 
Throughout this section, A is an arbitrary algebra. 

4.1. Preliminaries. For n > 2, we will often write any element x of A® n as 
a;W (g) • • • (g) a;( n ) and drop the summation sign. Given a permutation . . . , i n ) of 
(1, . . . , n), we denote by Pi 1 ---i rl the linear map A® n — >• A® n carrying any x £ A® n 
to a;^ 1 ^ ® <S> ■ ■ ■ <8> x^ n K Unless explicitly stated otherwise, we endow A® n with 
the "outer" ^4-bimodule structure defined by 

(4.1.1) axb = ax {1) ®x {2) ®---®x {n - 1] ®x {n) b for a, b € A and x € A® n . 
A linear map D : A — > A® n is a derivation if D(ab) = aD(b) + D(a)b for all a, b G A. 
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4.2. Double brackets. A double bracket on the algebra A is a linear map f — , — J : 
A® 2 — > A® 2 which is a derivation in the second variable and is skew-symmetric. 
This means that for all a, b, c G A 

{a,bc} = bla,c} + {a,b}c and lb, a} = -P 21 fa, b} 

These properties imply that lab, c]} = a * {6, cj + fa, cjj- * b for all a, b, c G A where 
* is the "inner" A-bimodule structure on A® 2 defined by 

(4.2.1) I * (ai <E) 0.2) * r = air <E) la2 for I, ai, 02, r G A. 

We now relate the double brackets to the algebra An defined in Section l3~Tl 

Lemma 4.1. VdB, Proposition 7.5.1] Given a double bracket § — ,—1 in A and 

an integer N > 1, there is a unique bilinear form { — , — } : An x An — > An which 
is a derivation in each variable and satisfies 

(4-2.2) {a ij ,b uv } = ia,b}^ia,b}^ 

for all a,b G A and i, j, u, v G {1, . . . , N}. This form {— , — } is skew- symmetric and 
satisfies the identities (I2.2.3j) . (I2.3.ip . 

Proof. We extend (|4.2.2|) to a bilinear form {— , — } : An X An —> An which is 
a derivation in each variable. To see that this form is well-defined, we need to 
verify the compatibility with the defining relations of An- That the right-hand 
side of (|4.2.2[) is linear in both a and 6 follows from the bilinearity of f — , — J. 
The compatibility with the relation ly = &y is a consequence of the fact that 
f 1, 6 J = = ^a, 1 1 for any a,b e A. To verify the compatibility with the relation 
of type (bc) uv — b u ia v , let us expand la, bj = x^ 1 ' ® x^ and la, c]j- = j/ 1 ) <g) t/ 2 ^. 
Then 

la, be} = b la, c} + la, b}c= by {1) ® y (2) + (g> x {2) c. 

Therefore 

, (1) (2) . (1) (2) 

= Kiyij'yl' +x y UJ 'x\ l 'ci v 

— b u i {aij,ci v } + {aij,b u i} ci v = {a.y ,b u ici v } . 

A similar computation gives {{ab)^ ;, c uv } = {aubij,c uv }. 

The skew-symmetry of { — , — } follows from the skew-symmetry of f — , — J: 

{Kv, aij} = lb, a}« lb, a}% = - la, b}%> fa, 6jg = - {a t] ,b uv } . 

Pick w = (wkj)k,i £ Bn- It is easy to see that if (|2.2.3[) holds for the generators 
of An, then it holds for all elements of An- We check (12.2. 3p for the generators: 

w{ aij ,b uv } = w(la,b}^ la,b}%) 

= w(ia, 6}g) {{a, b}%> + fo, "(fa, ^L 2) ) 
= {{a, 6}« ^ fa, &>g> - w a , k {{a, 6}« {a, 6}^ 

+ la, &}g la, b}$ w k , v - la, &}« «, a fa, 
= {aifcUifcj- — Wi^akj, b uv } + {aij,b u kWk, v — w u ^bkv} 
= {wa %J ,b uv } + {aij,wb uv } . 
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Similarly, it is enough to check (|2.3.1|) for any g — (gk,i) e Gjv and the generators 
of An. We have 

{ga,ij,gb uv } = {{g~ 1 )i,kakigi,j,(9 1 )u,sb s tgt,v} 
= (g~ 1 )*,kgi,j(g~ 1 )u, s gt,v {aki,b st } 

= (9-\k9iA9-%, s 9t,via,bl$ {a,b}<£ 

= (9-%,s {a, 6}« gij (g- 1 )^ {a, b}<£ g t , v 

= (giaM^igia^) 

= 9(ia, &jg la, 6}}.L 2) ) = <? {OijM ■ □ 

4.3. A bracket (—,—). A double bracket {{— , — J on A induces further pairings 
which we now discuss. For a, b G A, set 

(4.3.1) ( fl ,6)4«,6f{M} (2, eA 

We state several properties of (— , — ) : A x A — > A following [VdB, Section 2.4]: 

(i) the composition of (— , — ) with the projection to A/[A, A] is skew-symmetric; 

(ii) ([A,A], A)=0; 

(iii) the pairing (— , — ) is a derivation in the second variable. 

Set A = A/[A, A}. The properties (i) and (ii) imply that (— , — ) induces bilinear 
pairings A x A — > A and A x A — > A. The latter pairing is skew-symmetric. Both 
pairings are denoted by (—,—). 

Lemma 4.2. For all N > 1, the trace map tr : A — > An carries the bracket (— , — ) 
on A to the bracket { — , — } on An defined by Lemma \4-1\ 

Proof. Let a, b £ A and let a, b be their projections to A. We have 

{tr(a),tr(6)} = !"« A; \ 



i,3 

<F2"2) ff , , (1) ff , , (2) 

id 

i 



= tr(ia,6S (1) {{a,6S (2) ) tr«a,6» = tr((S,i». n 

4.4. Triple brackets. The brackets { — , — } on An and (— , — ) on A = A/ [A, A] are 
skew-symmetric but do not necessarily satisfy the Jacobi identity. Their deviation 
from the Jacobi identity is formulated in terms of triple brackets on A. A triple 
bracket on A is a linear map f — , — , — J : A ® 3 — > A® 3 which is a derivation in the 
third variable and is cyclically symmetric. This means that for all a, b,c,d£ A, 

fa,b,cd} = c {{a, + fa,b,c} d and ftc, a, bj — P 3 i 2 {a, b, cj . 

By [VdB I Proposition 2.3.1], a double bracket §—,—1 on A determines a triple 
bracket on A by 

2 

(4-4.1) {{-, -,-}=J] Hu(l- -} ® id ^)(idA ® fl- -8)P 3 "i2- 



i=0 
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Lemma 4.3. VdB, Proposition 7.5.2 & Corollary 2.4.4] Consider a double bracket 
{— , — J on A, the associated triple bracket §—,—,—1 on A, the induced brack- 
ets { — , — } on An for N > 1 and (— , — ) on A. For any a, 6, c € A and any 
p, g, r, s, u, v G {1, . . . , iV} 7 we /lave 

(4.4.2) {(2pg, \b rs: c uv \} -\- {o rs , {c ulJ , a^g}} -(- {c^^, {a^g, 6 rs }} 

= laM$la,b,c}Wla,b,c}V> - {{a, c, b}%{{a, c, b}<$fa, c, b}$ 

and 

(4.4.3) ((a, 6), c) - (a, (6, c» + (6, (a, c» = ™ 3 ({{6, a, c} - {{a, 6, c}) 
where TO3 : A® 3 — > A carries any x G A* 83 to a^ 1 '^ 2 -^ 3 ) G A. 

A double bracket on A is strong if the associated triple bracket on A satisfies 

m 3 (|<x, 6, cj) = m 3 ({{6, a, cj) 

for all a,b,c £ A. Formula (|4.4.3[) and properties (i), (ii), (iii) of Section |4~B1 imply 
that if a double bracket on A is strong, then the associated bracket (— , — ) on A 
is a Lie bracket and the pairing (— , — ) : A x A — > A turns A into a A-algebra. 
The Lie bracket (— , — ) in A determined by a strong double bracket in A has the 
following property: for each a G A, the map {a,—) : A — > A is induced by a 
derivation of A. Such a Lie bracket in A is called by Crawley-Boevey |Cbj an 
Ho-Poisson structure on A. By |Cb[ Theorem 4.5], for any ifo _ Poisson structure 
(— , — ) : Ax A — > A on A there is a unique Poisson bracket { — , — } in the subalgebra 
A N of An generated by tr(A) such that {tr(a), tr(fe)} = tr Ua,b)j for all a, b G A. 
When the Ho-Poisson structure is induced by a strong double bracket on A, this 
claim follows from Lemma 14.21 

A double bracket on A is Poisson if the associated triple bracket is zero. A 
Poisson double bracket is strong and moreover, according to (|4.4.2[) . the associated 
bracket {— , — } on An is a Poisson bracket. We will be interested in a somewhat 
different class of strong double brackets discussed in the next subsection. 

4.5. Quasi-Poisson double brackets. Each derivation D : A — > A <E> A deter- 
mines a triple bracket on A by 

{a, b, c} D = D(c)WD(a)W ® D(a)^D(b)^ ® D{b)^D{c)^ 

for any a, 6, c G A. All requirements on a triple bracket arc straightforward. (See 
|VdB[ Proposition 4.1.1] for a more general construction.) The triple bracket de- 
termined in this way by the derivation E : A — > A <g) A carrying any a G A to 
a®l-l®a can be explicitly computed as follows: 

(4.5.1) fa,b,c} E = a(g)l(g>bc+l(g>ab(g)c + ca(g)b(g>l + c(g>a(g)b 

— l<E)a<E)bc — a<E)b(g)c — ca(£)l(S)b — c(g)ab(S)l. 

A double bracket ■{{ — , — ]j- on A is quasi-Poisson if the associated triple bracket 
J satisfies 

(4.5.2) {a,b,c} = {a,b,c} E 

for all a, b, c G A. It follows from (|4.5.ip that a quasi-Poisson double bracket is 
strong. Hence, it induces a Lie bracket (— , — } on A as well as a A-algebra structure 
on A. 
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Lemma 4.4. (VdB| Theorem 7.12.2 & Remark 7.12.3] For any quasi-Poisson dou- 
ble bracket •)[— , — J- on A cmd any N > 1, i/ie algebra An over (Gn,Qn) with the 
bracket { — , — } provided by Lemma \4-.1\ is a quasi-Poisson algebra. 



Proof. By Lemma 14.11 we need only to verify that for all x,y, z £ An, 

(4.5.3) {x, {y, z}} + {y, {z, x}} + {z, {x, y}} = (j> N (x, y, z). 

It is straightforward to see that both sides of this formula are skew-symmetric An- 
valued trilinear forms on An which are derivations in each variable. Therefore it 
suffices to verify (|2.2.4j) for the generators of An- Let £ and 1Z be respectively 
the left-hand and right-hand sides of (14.5.31) for x = a pq ,y = b rs ,z = c uv with 
p, q, r,s,u,v G {1, . . . , N} and a, 6, c G A. Computing C by Lemma 14.31 and then 
using (14.5.21) and (|4.5.1[) . we obtain that 

C = a uq 5 ps (bc) rv + S uq (ab) ps c rv + (ca) uq b ps S rv + 

$uq@ j ps(J)c)rv &uqbpsCrv {C-Q)uq$psbrv Cut/ (^^Ops^ru 
(lrq$pv{c&)us ^rq^^jpv^us (P&)rqCpv&us b r qCbp V C us 
~\~8 r q(Xp V {^c})) us H - CLrqCpv^us (P^Jrq^pv^us ~t~ b r q((XC)p V 5 us . 

To compute we observe that 



-uv ) 



{fij ® fjk <8> fki)(a pq ® b 

rs ® C"u 

\3jq&pi $pi&jq){$ksbrj $rjbks){.$ivC-uk ^uk^-iv) 
^jq^pi^ks^rj^iv^uk H - ^ jq^pi^rjbks^uk^iv 
-\-5pi(ljq5ksbrj$ukGiv H~ ^pi^jq5 r j 

iv^-uk 

^pi^jq^ks^rj^iv^-uk ^pi^jq^rjbks^uk^iv 

$jq&pi$ksbrj$ukCiv $jq&>pi ivC-uk 
CLpyb r qC us ~\~ dpiS r qb us Ci v ~\~ Q>jqb r j$ us Cp V ~\- CLrqbks^pv^uk 

^jqbrj^pv^us QrqbusCpv Qpibrq^usC-iv ^pv^rqbks^uk 
Qjpyb r qC us H~ ( < Q'Cjp V S r qb us H~ {b&)rq$usCpv ~)~~ &rq\C , hj us Sp V 
— (b(lj r qSp V C us Oj T qb us Cpy (_Q,C)p V b r qS us 0<p V S r q{^cb^ us . 



Similarly, we have 



{fjk ® fij ® fki)(a pq ® b 

rs ® C"u 

{$kq&pj $pjQ>kq){$jsbri $ribjs){.$ivC-uk ^uk^-iv) 
$kq &pj $jsbri $iv C-uk 

dpj 8 r i bj S S u k Ci v 

-\~5pjCLfcqSj sbri^ukCiv H - ^pj^kq^rib j s^iv^-uk 

SpjQfcqSj sbri^iv^uk ^pj^kq^ribj s^uk^iv 

^kq^pj^ jsbri$ukCiv $kq&pj$rib j s$iv&uk 
Clp S b rv C U q ~h dpjbj s 5 U qC rv ~\- CLuq&psbriCiv H - ^kqbps^rv^uk 

Qkq^psbrvCuk @>uqbpsCrv Qpsbri^uqCiv Qpjbj s$rvCuq 

+ (ab) ps 6 

uqC-rv H - @>uq3ps(bc)rv bp S &rv 

{ca) uq 

[C(l) U q8p S b rv 0> U qbp S C rv CLps(bcJ rv S U q - (ab) ps 5 

rvCuq ■ 
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Substituting the resulting expressions in the formula 

ft = ~(fij ® fjk ® fki){a pq ® b rs ® Cu„) + (/jfe <g> /y <g> fki)(a pq <g> 6 rs (8 Cu„) 

we obtain that 1Z = £. □ 

Under conditions of Lemma [4.4[ the g^-invariant subalgebra of ^4 at is a 
Poisson algebra, and the trace map tr : A — > ^l^f is a Lie algebra homomorphism. 

4.6. Remark. The original definitions of Van den Bergh apply when K is a field 
of characteristic zero; the generalization above to arbitrary commutative rings 
is straightforward. We slightly modified the definition of a quasi-Poisson double 
bracket in order to get rid of fractional coefficients appearing in jVdBj : a quasi- 
Poisson double bracket in our sense is 2 times a quasi-Poisson double bracket in the 
sense of [VdB|. 

5. FOX DERIVATIVES AND FOX PAIRINGS 

We introduce and study Fox pairings in augmented algebras. 

5.1. Fox derivatives. Fox derivatives were first introduced by Fox in his study 
of the group rings of free groups. Fox' definitions extend to arbitrary algebras 
endowed with augmentation homomorphisms. More precisely, let A be an algebra 
(over K) endowed with an algebra homomorphism e : A — > K. A linear map 
d : A —> A is a left (respectively, a right) Fox derivative if for all a, b £ A, we have 
d(ab) = d(a)e(b) + ad(b) (respectively, d(ab) = d(a)b + e(a)d(b)). 

For example, for e € A, the map A — > A carrying any a € A to (a — e(a)l)e is 
a left Fox derivative and the map A — > A carrying any a 6 A to e(a — e(a)l) is a 
right Fox derivative. Such derivatives are said to be inner. 

5.2. Fox pairings. Let A — (A,e) be an augmented algebra. A Fox pairing in 
A or, shorter, an F-pairing in A is a bilinear map p : A x A — » A which is a left 
Fox derivative with respect to the first variable and a right Fox derivative with 
respect to the second variable. In the case of group algebras, an equivalent notion 
was introduced independently in |Paj under the name of "biderivation" and in |Tuj 
under the name of "A-form." Here we follow the terminology of |MTj . 

Note for the record the product formulas 

(5.2.1) p(a 1 a 2 ,b) = p(ai,b) e(a 2 ) + aip(a 2 ,b) for any ai,a 2 ,b 6 A, 

(5.2.2) p(a,bib 2 ) = p(a,bi)b 2 + e(bi)p(a,b 2 ) for any a, 61,62 € A. 
For example, any e £ A gives rise to an F-pairing p e defined by 

p e (a, b) = (a - e(a)l) e{b- e(b)l) 

for all a, b G A. We call such an F-pairing inner. 

Fox pairings in A form a K- module under the usual addition/multiplication by 
scalars of bilinear forms. The inner F-pairings form a submodule of this module. 
Two F-pairings p and p 1 in A are equivalent if they differ by an inner F-pairing, i.e. 
if there exists e E A such that p — p' = p e . 
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5.3. Fox pairings in Hopf algebras. Suppose that A = (A, A, s,S) is a Hopf 
algebra with comultiplication A, counit e and antipodc S. We shall always use the 
counit e to define F-pairings in A. The antipode S induces a transposition on the 
F-pairings in A as follows. The transpose of a bilinear form p : A x A — > A is the 
bilinear form p:ix4->4 defined by 

p(a,b) = Sp(S(b),S(a)) 

for a, b e A. For example, the transpose of the inner F-pairing p e is Ps( e ) f° r an 
e 6 A Recall that a Hopf algebra is involutive if its antipode is an involutive map. 

Lemma 5.1. //A zs involutive, then the transpose p of any F-pairing p : Ax A — > A 
is an F-pairing and ~p = p. 

Proof. For ai, a 2 , b e A, we have 

p(aia 2 ,6) = Sp(S(b),S(aia 2 )) 

= Sp(S(b),S(a 2 )S( ai )) 

= S(p(S(b),S(a 2 )) S(ai) + e(5(oa)) />(£(&), S(ai)) ) 

= ai Sp(S(b), S(a 2 )) + e(a 2 ) Sp(S(b), S(ai)) 

= axp(a 2 ,b) +p(a 1 ,b)e(a 2 ). 

A similar computation shows that p(a,bib 2 ) = p(a,b\)b 2 + e(b\)p(a, b 2 ) for all 
a, &i, 62 G -A- Thus, p is an F-pairing. For all a,b E A, 

f(a, b) = Sp(S{b), S(a)) = S 2 p(S 2 (a),S 2 (b)) = p(a, b). u 

An F-pairing p in an involutive Hopf algebra A is skew- symmetric if p = —p. 
Any F-pairing p in such an A induces a skew-symmetric F-pairing p s = p — ~p in A. 

We will need an alternate expression for p, which involves the comultiplication 
A of A. In this expression and in the sequel we use Sweedler's notation for comul- 
tiplication: for a e A we write A (a) = J2( a ) a ' ® a " meaning that there is a finite 
family (a-, a"), in A x A such that A(a) = a- ® a". Similarly, we write 

(A ® id)A(a) = (id <g>A)A(a) = ^ a' ® a" ® a'". 

(a) 

Lemma 5.2. If A is involutive, then for any F-pairing p in A and any a,b G A, 
we have p(a, b) — J2( a ) (b) a 'Sp(b", a") U . 

Proof. The equality J2(b) S(b')b" = e(b)l implies that 
= p(e(b)l,a) = ]Tp(S(6>'» 

(b) 
(b) 

= ^(p(5(6'e(6")),a) + 5(6>(6",a)) 

(b) 

= p(S(b),a) + J2S(b')p(b",a). 

(b) 
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Therefore 

(5.3.1) p(S(b),a) = -J2S(b')p(b",a). 

(b) 

A similar computation starting from Ylt a ) S(a')a" = e(a)l shows that 

p(b,a) = -^2p(b,S(a'))a". 

(a) 

Replacing here a by S(a) and using the involutivity of A, we obtain that 

(5.3.2) p(b,S(a)) = -J2p(b,a")S(a'). 

(a) 

Now, we can conclude: using (|5.3.1[) and then (15.3.21) . we obtain that 
p(a,b) = S P (S(b),S(a)) = -5(5^5(6 / )p(6" J S(o))J 

= s( S(b')p(b",a")S(a')) 

\(o),(6) / 

= Yl a'Sp{b",a")b'. 

(a), (6) □ 

6. From Fox pairings to double brackets 

In this section, A = (A, A, e, S) is a Hopf algebra with comultiplication A, counit 
e and antipode S. We show, under certain assumptions, how to derive a double 
bracket in A from a Fox pairing in A. 

6.1. A double bracket from a Fox pairing. Any bilinear form p : A x A — > A 
determines a linear map {— , — J p : A(g> A — > A® Aby 

{{a, b} p = b's((p(a",b"))') a' ® (p(a", &"))" 

(o),(6),(/>(a",&»)) 

for any a, 6 G A 

Lemma 6.1. If p is an F-pairing in A, then § — , — J- p zs a derivation in the second 
variable. 

Proof. For any right Fox derivative 3 in A and any t> G A, we define a linear map 
8 = S Vt9 ■ A -> A <g> A by 

(6.1.1) 5(6)- ^ v® (9(6"))" 

(b),(9(fe")) 

for 6 G A. We claim that this map is a derivation. This will imply the lemma 
because for any a G A, we have {[a, — J p = J2( a ) ^a' ,p{a" ,-)■ 
We now prove the above claim. For any a, 6 G A, we have 



S(ab) = Yl (abys((d((ab)"))'}v®(d((ab)")y 

(ab),{d((ab)")) 

J2 a'b'S (id{a"b"))'\ v ® (d(a"b"))' 



(o),(6),(8(o"6»)) 
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Using the fact that d{a"b") = d{a")b" + e(a")d(b"), this sum splits into two parts: 
Y a'b'S ((d(a")6")') v <g> (d(a")b" 



and 



(a),(b),(d(a")b") 




Y a'b's((d(a"))'b")vi 

(a),(b),(d(a")) 


5 (d(a"))"b"' 


Y a'b'S(b")s((d(a"))') 

(a),(fc),(9(a")) 


i««(9( a "))V 


Y a'e(b')s({d(a"))')v 

(a),(fc),(9(a")) 


® (d(a"))"b" 


a's({d(a"))')v®(d(a' 

(a),(d(a")) 


'))"b 


Y a'b's((s(a")d(b")Y 

(a),(b),(e(a")d(b")) 


) v ® (e(a")d(b"))" 


Y a'e(a")b's((d(b"))'^v(g 

(a),(b),(d(b>>)) 


' (9(6"))" 



S(a)b 



Y ab's((d(b"))'^v®(d(b"))" = aS(b). 

Lemma 6.2. // A is involutive and p is a skew- symmetric F-pairing in A, then 
{[— , — jj- p is a double bracket. 

Proof. We start by proving that for an arbitrary F-pairing p in A, 

(6.1.2) {-,-y = P2i{-,-yp2i. 

By definition, we have 

{{«, bY = Yl b's((Xa",b")y)a>®(p(a",b"))" 

(<*),(&), (7>(a",&»)) 

where, by Lemma |5.2[ 

p(a"X)= Y (a")'Sp((b")",(a")")(b"y. 

(o"),(6") 

Therefore 

{a,bY 

Y b'S ({a"Sp(b"', a'")&")') a 1 ® (a"Sp(b"', a"')b")" 

(a),(b),(a"Sp(b"' M"')b") 

Y b's ([a")'(Sp{b"',a"'))\b")') a 1 ® (a")" (Sp(b"' ,a'"))" (&")" 

(a),(b),(a"),(b") 
(Sp(f>'",a'")) 

^ 6'5 (a"(Sp(6"", a"")) '&") a' ® a"'{Sp(b"", a""))"b'" 

{a),{b),{Sp{b"",a"")) 
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(a). 



(a), 



(a), 



(a). 



■'5(6")5 ((5p(6"", a""))') S(o") a' g a'"(Sp(6"", a""))'V" 
((5p(6" / ,o / ")) / ) e(a') ® a"(5p(6"',a"'))V 
S ((Sp(6'",a'"))') ®£(a')a"(Sp(b"',a'"))"e(b')b" 
S ((Sp(b", a"))') ® a' (£/>(&", a"))V 
2 5 2 ((p(6",a"))")®a'5(( /3 (6", a "))')6' = P 2 i(^,a} P )- 



E '< 

6),(Sp(6"",a"")) 

E 

6),(Sp(6»',a'")) 

E 

b),(Sp(&"',a"')) 

E 

b),(Sp(b",a")) 



b),(p(b",a")) 



If p is skew-symmetric, then 



Now, Lemma IcTTl implies that p is a double bracket. 



□ 



6.2. Computation for inner Fox pairings. The following lemma computes 
{— , — J p : A eg) A — > (g) y4 for the inner F-pairings p in A 

Lemma 6.3. If A is involutive, then for any a, b, e S A, 

{{a, = 53 (S(e') ® ae"6 + &%') a ® e" - &S(e') ® ae" - S(e')a ® e"& 

Proof. By definition, 



2 6'5((p e (a",6"))')a'®(p e (a",6"))' 



(a),(6),(p e (a'',6")) 



We have 



Thus, 
where 



A(p e (a", 6")) = A((o" - e(a")l) A(e)A(6" - e(6")l) 

J] (a")'e'(&")'®(a")"e"(&")" + E £ ( a ") e ( 6 ") e '® e " 

(o"),(e),(6») (e) 

- ^ £ (&")(a")'e'®(a")V'- 53 e (a")e'(6")' ® e"{b")". 

(o"),(e) (e),(b») 

X Qb = 53 6'5((a")'e'(6")')a'®(a")"e"(6")" 

(a),(6),(a"),(e),(6") 

b{a e ) a ® a e 

(a),(fe),(e) 

53 b'S{V')S{e')S(a")a' ® a W e"6"' 

(o),(6),(e) 

51 e(V)S(J)e(a') ® a'W = 5Z 5 ( e ') ® ae " & > 

(a),(6),(e) (e) 
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X a = e{b")b'S{{a")'e')a! ®{a")"e" 

(a),(6),(o"),(e) 

bb [a e ) a ® a e 

(a),(e) 

= bS{e')S{a")a! ®a'"e" 

(a),(e) 

= 51 ^(e')e(a') 8) a"e" = ^bS{e') 

(a),(e) (e) 



ae 



X b = ^ b'S{e'{b")')e(a")a'®e"{b")" 

(o),(6),(e),(6") 

= J2 b'S(e'b")a®e"b'" 

(b),(e) 

= ^ b'S{b")S[e')a®e"b"' 

= ^ e(&')S(e')a®e"&" = ^ 5(e')a ® e"6 

W,(e) (e) 

and 

Z= ^ e(b")b'S(e')e(a")a' ®e" = ^bS{e')a® e" . 

(a),(6),( e ) (e) □ 

6.3. Remarks. 1. If {[— , — J is a double bracket in an augmented algebra A = 
(A, e), then the map v4 x A — > A carrying any pair (a,b) & Ax A to (e<8)kU) fa, bj 
is an F-pairing. This defines a map, $, from the set of double brackets in A to the 
set of F-pairings in A. If A is an involutive Hopf algebra, then Lemma \6 . 2 1 defines 
a map, "f, from the set of skew-symmetric F-pairings in A to set of double brackets 
in A. Clearly, $>ty = id. Generally speaking, the composition ^$ is not defined. 

2. As indicated to the authors by P. Schauenburg, the fact that a right Fox 
derivative in a Hopf algebra A and an element of A determine a derivation A — > 
A ® A by (|6.1.ip can be alternatively explained in terms of A-bimodules. The 
explanation is based on the following two facts: 1) derivations A — > M with values in 
an A-bimodule M bijectively correspond to A-bimodule maps from the A-bimodule 
of differentials on A to M, and 2) the Hopf algebra structure on A allows to form 
the tensor product of A-bimodules. 

7. The homotopy intersection form of a surface 

In this section, E is an oriented surface with non-empty boundary and a base 
point * G <9E. We set 7r = 7ri(E, *) and consider the group algebra A = Kir. 

7.1. The pairing 77. We provide <9E with the orientation induced by that of E. 
By paths and loops we shall mean piecewise-smooth paths and loops in E. The 
product a/3 of two paths a and /3 is obtained by running first along a and then 
along (3, Given two distinct simple (that is, multiplicity 1) points p, q on a path a, 
we denote by a pq the path from p to q running along a in the positive direction. 

We shall use a second base point • S <9E\{*} lying "slightly before" * on <9E. We 
fix an embedded path z/.» running from • to * along <9E in the positive direction, 
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and we denote the inverse path by X?*.. The element of ir represented by a loop a 
based at * is denoted [a]. We say that a loop a based at • represents [F*.a^,»] G tt. 

The homotopy intersection form of E is the bilinear map rj : A x A — > A defined, 
for any a, b G tt, by 

(7.1.1) T](a,b) = £ p( tt >0) I 

Here, a is a loop based at • and representing a, is a loop based at * and repre- 
senting b so that a and /? meet transversely in a finite set a R /3 of simple points of 
a, /3. Each crossing p G a n (3 has a sign e p (a, j3) = ±1 which is equal to +1 if the 
frame (the positive tangent vector of a at p, the positive tangent vector of f3 at p) 
is positively oriented and is equal to —1 otherwise. It is easy to verify that 77 is a 
well-defined F-pairing: this is essentially the intersection pairing introduced in }Tuj . 
see also [Pe] and [MTj . The pairing 77 is connected to Reidemeister's equivariant 
intersection pairings and, in this form, it appears implicitly in |Pa) . 

7.2. The pairing 77 s . The group algebra A — Ktt has a canonical structure of an 
involutive Hopf algebra. The comultiplication A : A — > A(g> A, the counit e : A — > K 
and the antipode S : A — > A are defined by 

A(a) = a Cg> a, e(a) = 1, 5(a) = a -1 for any a G 7r C A 

By Lemma \5. 21 the transpose rj : A x A ^ A oi n is given by ry(a, b) = aS(n(b, a))b 
for a, 6 G 7r. It is easy to check (see [Tuj . |MTj ) that 77 + 77 = — pi where pi is the 
inner F-pairing in A associated with lei. The F-pairing 

V s = V — V = 277 + pi : A x A — > A 
is skew-symmetric. By definition, for any a,b <E A, 

(7.2.1) 77 s (a, b) = 2r}(a, b) + (a - e(a)l) (6 - e(6)l) . 

Let {[ — ,— I s = be the double bracket on A determined by 77 s . Lemma 15731 

and formula (17.2.11) give, for all a, b G A, 

(7.2.2) la, bf s = 2 {a, + 1 ® ab + ba <g> 1 - a <g> 6 - b (g> a. 
For a, & G 7r, the term {[a, oF can be explicitly computed as follows. 
Lemma 7.1. for a?M/ a, b G 7T, 

(7.2.3) |a, bj' n — e p {a,f3) [/3* p a p .v.*] ® [F*.a. p /3 P *] 

where a is a loop based at • and representing a, (3 is a loop based at * and repre- 
senting b such that a and (3 meet transversely in a finite set of simple points. 

Proof. Since a and b are group-like elements of A, we have 

(7.2.4) £a,&F = ^ fcSfa(o,&)')a®»;(o,&)". 

(17(0,6)) 

Applying (|7.1.1|) we obtain that 

|a, = ^ e p (a,/3) bS(\p*.a. p f3 p *]) a <g> [V*.a. p /3 P *] 

= 2J ^("'Z 3 ) [(^~ 1 )*p( Q!_1 )p» 1 '»*] 2) P*.a,p[3 p *\ 
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= ^ e p (a,(3) [/3* p a p .z/.*] ® [z7*.a.p/3 p *] . 

pGan/3 □ 

Lemma 7.2. The double bracket -{{— ,— ]} s is quasi- Poisson. 

Proof. In the proof we will use the following notation suggested in [VdB] . Given a 
map {{-, -} : A® 2 -> A® 2 and u e A, v e A® 2 , we set 

iu,v}} L = {{«,««}} ®t;< 2 >, iu,v} R = v (1) ® {{^« (2) }} . 

- pV}^ (2 » fv,uj fl = ® {{« (a) .«}} ■ 

Let I s be the triple bracket in A determined by {[— J}- 6 . We must 

prove that for all a, 6, c G A, 

(7.2.5) {a,&,c} a = a ® 1 ® 6c + 1 (8 a6 ® c + ca ® 6 ® 1 + c ® a ® b 

— 10a® 6c — a ® 6 ® c — ca ® 1 ® 6 — c ® a6 ® 1. 
It is enough to consider a, 6, c 6 7r. Using the skew-symmetry of £ — , —I s , we obtain 

ia,b,c} s = ia,{b,cyy L +p£ic,{a,byy L +p 312 ib,ic, a yy L 

= {W, P, c}'y L - P 3 l^i3 {{{{a, b} s , c} s L - P 312 {b, P 21 {{a, cJ'K 
= K t&, 4 S K - Pi32 {{{«, 6} s , cJl - lb, {a, c}T« • 

We now compute the three resulting terms. Firstly, we have 

la, lb, c}'y L = 2 la, p, c}}"}}^ + {[a, 1 ® 6c + c6 ® 1 - c ® 6 - 6 ® c}}* , 

where 

(7.2.6) 2la,lb, c yy L = 4la,lb ) cyy L + 2®alb,cy-2a®ib,cy 

+2P 132 (lb, c}" * a ® 1) - 2P 213 (a ® c} v ) 

and 

(7.2.7) {{a, 1 ® 6c + c6 <g> 1 - c <g> 6 - 6 ® c]}^ 

= c {a, 6} s ® 1 + {{a, c]} s 6 ® 1 - fa, c} s ® b - la, b} s ® c 
= 2c {a, 6}" ® 1 + 2 {{a, c|" 6 ® 1 - 2 {{a, cj" ® 6 - 2 {a, 6}" ® c 
+c®a6®l + c6a®l®l-ca®6®l-c6®a®l 
+I®ac6®l + ca®6®l-a®c6®l-c(g>a6®l 

— 1 ® ac ® 6 — ca®l®6 + a®c®6 + c®a®6 

— 1 ® a& ® c — 6a®l®c + a®6®c + 6®a®c. 
Secondly, we have 

-Pi 32 {{{{a,6} s ,c}} s 
= -2P132 H«, 6}'' , c}^ - Pi 32 {{1 (g) a6 + 6a ® 1 - 6 «) a - a ® 6, c}j- s 

where 

(7.2.8) -2P 1S2 {ia,by, C y L 

= -4Pi 32 «a, 6}" , c} v L - 2P 132 P 132 (c{{a, 6}" ® 1) - 2P 132 (1 ® fla, 6 J" * c) 
+2Pi 32 Pi32(Sa, by ® c) + 2P 132 {c ® fa, 6}}") 
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= -4Pi32 {{{{a, bV , cf' L - 2c fa, b}* 1 ® 1 - 2P 132 (1 8 fa, ftp * c) 
+2 {a, 6J" ® c + 2P 132 (c ® fa, 6}") 

and 

(7.2.9) -Pi 32 f 1 ® a& + 6a ® 1 - 6 ® a - a (g) 6, c} s L 
= -Pi 32 (6 * fa, cF ® 1) - b, c} s * a ® 1) 

+Pi 32 (fo, cf s ® a) + Pi 32 (fa, c}} s ® 6) 
= -2P 132 (6 * {{a, c}" 2P 132 (f 6, c}" * a ® 1) 

+2P 132 (f 6,c}" ® a) + 2P 132 ({{a, c}}" ® 6) 
-l®l®&ac-ca®l®6 + a®l®&c+c®l®&a 
-cba ®l®l-a®l®6c + &a®l®c + ca®l®6 
+cb ®a®l + l®a®6c — 6®a®c — c®a®o 
+ca ®6®l + l®o®ac — a ® o ® c — c ® 6 ® a. 
Thirdly, we have 

- p, la, c} s f s R = -2 p, la, cFSfl " I b , 1 ® ac + ca ® 1 - c ® a - a ® c}^ 
where 

(7.2.10) -2f6,fa,cF>fl = -4 {6, la, cf'fA - 2 fa, c>" 6 ® 1 + 2 fa, c}" ® b 

-2P 132 (b * fa, c y ® 1) + 2P 132 (f a, c}}" ® 6) 

and 

(7.2.11) -{&, 1® ac + ca ®1 -c® a- a® c}^ 

= -1 ® a f 6, c} s - 1 ® f b, a} s c + c ® ffe, a} 5 + a ® ffe, c} s 

= -2 ® a f b, c} n - 2 ® ffe, a J " c + 2c ® ffe, a}" + 2a ® f b, c}" 

-l®a®bc-l®ac&®l + l®ao®c + l®ac®6 

-l(g>ab(g>c-l(g>l(g)bac+l(g)b(g>ac+l(g>a(g>bc 

+c ®a6®l + c®l®6a — c®6®a — c®a®6 

+a ®c6®l + a®l®6c — a <S> b <£> c — a ® c ® 6. 

Summing up the equalities (|7.2.6[) - (|7.2.11[) and canceling identical terms with 
opposite signs, we obtain that fa, b, cf s is equal to the following sum: 

4 la, lb, - 4P 132 f f a, 6}" , c}}£ - 4 f b, la, cp 

-4Pi 32 (6 * fa, c}}" ® 1) + 4P 132 (f a, cj" ® 6) - 2P 132 (1 ® fa, 6}" * c) 

-2 ® {{6, a}" c + 2P 132 (c ® fa, b} ") + 2c ® {{6, a}" 

-2 ® 1 ® bac + 2c ® 1 ® ba + 2 ® b ® ac - 2c ® 6 ® a 

— ca ®l®6 + ca®6®l — l®a&®c+l®a®6c 

+a ®l®6c + c®a6®l — c ® a ® 6 — a ® & ® a 

Next, we deduce from the equality rj + rj = —pi and (|6.1.2[) that 

-P 2 i fa, b} n = lb, af + ao®l + l®&a-a®6-fe®a. 

Hence 

-2P 132 (l®fa,&}"*c) = -2®P 21 (fa,6F)c 
= 2 ® f b, a} v c + 2®a&®c+2®l®6ac-2®a®&c-2®&®ac 
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and 

2Pi32(c®{{a,&r) = 2c®P 21 (ia,bf') 
= -2c ® ft b, a} 11 -2c®ab®l-2c®l®ba + 2c®a®b + 2c®b®a. 

Thus, the expression for {[a, &, cY above simplifies to 

{{aAcY = HaAb,cY>r L - 4Pu2{{la,br ,c}l-HbAa-,cVn 
-4Pi 32 (6 * {a, c} n ® 1) + 4P 132 (Sa, c}" ® 6) 
+a(g)l®6c+l®a6(8)c + ca(8)6(g)l + c(8)a(8)6 
— 1 ® a <8 6c — a(g)6(g)c — ca <S> 1 (E)b — c<£> ab <E)1- 

To finish the proof of (|7.2.5|) , it suffices to show that 

(7.2.12) fa, lb, cY'll ~ P132 {{{{a, 6}" , c>£ - P, {{a, cYYr 

= PMb * la, cY (81)- Pi 32 ({{a, cp <g> 6). 

To proceed, we fix a third base point o g <9£ which we assume to be "slightly 
before" • on 9E. Consider a loop a based at o representing a (i.e. [i^oQ^o*] — 
a G 7r), a loop /3 based at • representing b, and a loop 7 based at * representing c; 
we assume that a, (3, 7 meet transversely in a finite set of simple points and that 
a n (3 n 7 = 0. The first term in (|7.2.12[) is 

{{a,lb,cYY L = E £ p(^) f^Wp.^]®^.^]}! 

p£/3n7 

= E £p(^,7)£9(a,7)[7*9 a «o^o*] ® [^*oa 0( }7 g p/3p.t'.*] <8> [F*./3. P 7p*] 

pG/307 

+ X/ £ p(^'7) e < z ( Q; :/3)[7*p^pgQ : 9 o^o*] ® [F* a og /3 g .^.»] ® [i 7 *./?.p7p*] • 

p£/3n7 

qean/3 p . 

The second term in (17.2. 12j) is 

-^i32«a,&}VK 

= --Pl32 2J e p( a '^) {{[ F *»^.pQ:po^o*] ® [57*oQfopj8p.v.*] ,c}}^ 
p6an/3 

= --Pl32 2J £ p( a '^) {{[ F *»^»P a po l/ o*] ,cj' ) (g) [F» Q!op/3p.^.*] 

pGan,3 

= --Pl32 2J e p{ a ^) £ q{^l)[l*qPqp a po^o*]®P-**P*q r yq*\®P* a op l3 pt V, ir ] 

pGafl/3 
9£/3. p n7 

-Pl32 E £ p( a i P) £ q( a i l)[l*qOt qo Vo*\ ® [^*./9.pQ:p g 7 9 *] ® [F* a },/8p«I'«*] 

pean^ 
geapon7 

= - 2J £ p( Q! j/3) e ?(/3:7)[7*g/3gp Q! po^o*] ® [i^aOop/Jp.i/.*] <8> [l?*./3. 9 7 9 *] 

pGaH/9 

9e/3.„n7 
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tpQpq'~fq*\- 

pean/3 

q£a po n~/ 

The third term in (|7.2.12[) is 

- {6, {a, cj n }^ = - ^ £p(a,7)fM7VV^°*]® [ F *° a °p7p*]lfl 
= - 2J £ p( a :7) [7*p"po^o*] ® {6, [i 7 *oao P 7p*]S' ? • 

p€zari7 

To finish the computation of the third term, we denote by a' a loop based at • and 
ft 1 a loop based at o obtained from a and /3 respectively by "switching" their base 
points along <9£: thus, a' H f3' is a D (3 with four extra points. We obtain 

-fM a > c Ffij = - XI £ p( a ''^) [7*p"p.^.*] ® {{^> [j 7 *.a'. p 7p*]}}' ? 
= - X! e p( a ''7)e?(^',7) [7*pap.^.*] ® [i 7 *.aip7pg/ ? 9o I/ o»] [^» ^o 9 7 9 *] 

pGa'fl7 

<3e,3'n7 P » 

- X £p(a',7)£g(/3',a') [7*p"p.^.*] ® [^*.a'. 9 /3^ 2/ »] ® \v ro P' oq a' qp l P *\ 

pGa'ri7 
9G/3'na'. p 

= — } J £p(a,7)e 9 (/3,7) [7*p«po^o*] ® [^*oaop7p (3 /3 ( 3.^.*] ® [T7»./3. g 7 9 *] 

p^aD7 

gG/3n7 P , 

- X e p( a '7) £ g [7*p a po^o*] ® [j7» ao 9 /3 9 .^.*] <E> [i 7 *./3. 9 a gp 7 P *] 

pGari7 
ge/3na op 

_ X E p( a s 7) [7*p £ V> i/ °*] ® b ® [77*oa p7p*] 
+ X £ p( a '7) [7*p«po^o*] (8> 1 ® 6[T7* aop7p*] 

pGaPl7 

= - X £ p( a :7) £ <?(/3:7) [7*p"po^o*] ® [t 7 *oaop7p (3 /3 ( 3.^.*] <8> [T7».^.g7g»] 

p£aH7 
gG/3n7 P , 

pGa07 

-F 132 ({{a, 4" ® b) + P 132 (b * §a, c} v ® 1). 

Summing up these expressions for the first three terms of (|7. 2.121) . and canceling 
pairwise the six sums indexed by (p,q), we obtain (|7.2.12l) and (17.2.51) . ^ 



7.3. Proof of Theorem 13. li By Lemma [rT2l the skew-symmetrized homotopy in- 
tersection pairing r/ s induces a double bracket {— , — J s on A = Kit. By Lemma I7T21 
this double bracket is quasi-Poisson. For each N > 1, we endow the (Gn,3n)~ 
algebra An with the bracket { — , — } derived from {[— , — J s via Lemma E3~T1 In the 
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notation of Lemma 17. 1[ this bracket is computed by 

(7.3.1) {oy.M- = 2 ^ e p (a,/3) [/3 

pean/3 

for all a,b £ it and i, j, u, i? € {1, . . . , iV}. According to Lemma T4.41 this turns An 
into a quasi-Poisson algebra and proves the first claim of Theorem 13.11 

As explained in Sections FOl 14.51 the quasi-Poisson double bracket -{{ — , — } s in A 
induces a Lie bracket {— , — ) in A = A/[A, A]. Recall from Section |3~31 that A = Kit 
is the free K-module whose basis n can be identified with the set of free homotopy 
classes of loops in S. Formulas (|4.3.1|) . (|7.2.2p and (|7.2.3|) imply that for any generic 
loops a, f3 in S, 

{a,/3)=2 53 e p (a, /3) a p /3 p 
pean/3 

where a p /3 p is the product of the loops a and /? based at p. The right-hand side of 
this formula is 2 times the Goldman Lie bracket in A. Therefore the second claim 
of Theorem 13.11 follows directly from Lemma 14.21 

7.4. Remarks. 1. The bracket (— , — ) : A x A — >• A associated to the double 
bracket f — , — J s by formula (|4.3.1j) is twice the form a introduced by Kawazumi 
and Kuno in [KK1 . An operation similar to , — J" 7 : A® A— > A® A has been 
independently introduced by Kawazumi and Kuno |KK2] for other purposes. 

2. When 2 = in K, the quasi-Poisson double bracket in A = Kit simplifies to 

•{{a, b} s = 1 ® ab + ba <g> 1 + a <g> b + b (g> a 
and the quasi-Poisson bracket {— , — } on An simplifies to 

The latter formula does not involve topology of the surface and yields a quasi- 
Poisson bracket on A n for any algebra A (provided 2 = in K). 

3. Consider the case where £ is a compact connected oriented surface of genus 
g > 1 with <9£ = 5 1 . For K = Q, the F-pairing rj admits a tensorial description in 
terms of a symplectic expansion of n, see [Masj . |MTj . In a sequel to this paper, 
the authors will derive a tensorial description of the double bracket {[ — , — } s and 
use it to relate this bracket to the Poisson double bracket associated by Van den 
Bergh [VdBj to the quiver having one vertex and g edges. This will allow us to 
relate the cobracket of loops in £ introduced by the second-named author to the 
cobracket of loops in quivers introduced by T. Schedler. 

4. A part of the results of this paper has an analogue for oriented smooth 
manifolds with boundary of dimension > 3. Given such a manifold M with base 
point * G dM, consider the space SI = Q(M, *) of loops in M based at *. Suppose 
that the ground ring K is a field. Since SI is an ii-group, its homology A = H* (CI; K) 
has a natural structure of a graded Hopf algebra. Imitating the formula (I7.2.3P in 
the context of string topology of Chas and Sullivan |CS) , we define a double bracket 
in A. This double bracket induces a graded Poisson bracket in the associated 
commutative graded algebras {An}n>i- One can view as the "coordinate 
algebra" of the "scheme" of graded algebra homomorphisms A Mat n (B) where 
B runs over all commutative graded algebras. If M is simply connected and K is a 
field of characteristic zero, then by the Milnor-Moore theorem, A is the universal 
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enveloping algebra of the graded Lie algebra ®i>2 7r,(M, *) <g) K with Whitehead 
product in the role of the graded Lie bracket. Thus, An is the "coordinate algebra" 
of the "scheme" of Lie algebra homomorphisms from ©i>2 Tti(M, *)(g>K to Mat,/v(-B) 
where B runs over all commutative graded algebras. These results will be discussed 
in detail in a sequel to this paper. 

5. The constructions of this paper can be generalized to the case of surfaces with 
several marked points on the boundary. This generalization involves representations 
of the fundamental groupoid of the surface based at those points. We plan to study 
this general case in another place. 

8. QUASI-POISSON STRUCTURES ON THE REPRESENTATION MANIFOLDS 

In this section we construct a quasi- Poisson structure on the representation man- 
ifold associated with a compact oriented surface with boundary. We begin by re- 
calling the notion of a quasi- Poisson manifold following AKsM . Throughout this 
section we assume that K = R. 

8.1. Quasi-Poisson manifolds. We first fix a few conventions. For a vector space 
V over R, we denote by AV the exterior algebra of V, i.e., the quotient of the tensor 
algebra ®„>o V® n by the two-sided ideal generated by the set {v®v} v& v- As usual, 
multiplication in AV — ® n >o A n V is denoted by the symbol A. We define a linear 
map i : AV -> ®„> V® n by 

l(vi A • • • A v n ) = ^ £ ( a ) Mi) ® ' ' ' ® v cr(n) 

(T 

for any v±, ■■■,V n € V with n > 1. Here a runs over all permutations of the set 
{1, ...,n} and s(a) is the sign of er. The map i is an isomorphism of AV onto the 
subspace of ©„>o V® n consisting of all skew-symmetric tensors. 

Consider a smooth manifold M and let T = T(M) be its tangent bundle. Ap- 
plying the functor V H» A n V fiber- wise we obtain a smooth vector bundle A"T 
over M for all n > 0. Let C°°(A n T) be the vector space of smooth sections of 
A"T. The elements of C°°(A"T) are called n-vector fields on M. The direct sum 
C°°(AT) = ©„>o C7°°(A n T) is a graded algebra with respect to the pointwise exte- 
rior multiplication A. Here C oo (A T) = C°°(M) is the algebra of smooth R- valued 
functions on M and C 00 (A 1 T) = C°°(T) is the vector space of smooth tangent 
vector fields on M. 

The Schouten-Nijenhuis bracket on M is the R-bilinear map 

[-,-]: C°°(AT) x C 00 (AT) -> C7°°(AT) 

uniquely determined by the following conditions (see, for example, |Marj ) : 

(1) for any f,g€ C°°(M), we have [f,g] = 0; 

(2) for any X 6 C°°(T) and U E C°°(AT), the bracket [X,U] is the Lie 
derivative of U along the vector field X; 

(3) for any U 6 C°°(A fc T), V e C^i^T) with k, I > and W G C°°(AT), 

[u,v] = — c-i) (fe - 1Ki_1) [v; zr], 

[17, V A W] = [U, V] A W + (-l)^- 1 )^ A [U, W]. 
Set A = C°°(M) and let T* = T*(M) be the cotangent bundle of M. Consider 
the algebra of differential forms on M 

C°°(AT*) = © Il > C oo (A"T*) 
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with the exterior multiplication A. There is a natural ^.-bilinear pairing (— , — ) 
from G°°(AT*) x G°°(AT) to A which is uniquely determined by the condition 
that (C 00 (A"T*),C 00 (A fe T)} = for n ^ k and 

(ai A ••• Aa k ,Xi A - •• A X k ) = det {(on,X j ))'l J=1 

for all differential 1-forms a%, . . . , a k and vector fields X\, . . . , X k on M with k > 0. 
We use the pairing (— , — ) to associate with each k- vector field U G C°°(A k T) a 
skew-symmetric multiderivation {—,-•• , — }u '■ A k — > A by 

{fi,..-,fk}u = (dfiA---Adf k ,U) 

for any fi,...,f k G A 

Suppose now that M is endowed with a smooth (left) action of a Lie group G. 
This induces an action of G on the algebra A = C°° (M) by 

(8-1.1) (gf)(m) = fig- 1 ™) 

for g G G , / G A, m G M. The action of G on M also induces an action of the Lie 
algebra, g, of G on A by 

(8.1.2) (vf)(m) = ^ /(e~ to m) 

for » £ §, / 6 i, m £ M. It is easy to check that A is a (G, g)-algebra in the sense 
of Section E3 

For any v G g, the derivation ()8.1.2j) of A corresponds to a smooth tangent vector 
field on M denoted by vm and said to be generated by v. Note that ([v, w])m = 
[vm,wm] for any G g. The linear map g — > C°°(T),v h- > dm extends uniquely 
to an algebra homomorphism Ag — > G°°(AT). In this way, any fc-vector $ G A fe g 
with k > generates a fc-vector field on M denoted The action (|8.1.1|) extends 
to an action of G on G°°(AT) by gU = A(d 7g ) o U o j g -i, for all U G G°°(AT) 
and any g G G whose action on M is denoted here by j g : M — > M. It is easy 
to check that the map Ag — > C°°(AT),& h4 $a/ is G-equi variant. In particular, a 
multivector field on M generated by a G-invariant vector in Ag is also G-invariant. 

Suppose finally that the Lie algebra g is endowed with a G-invariant non- 
degenerate symmetric bilinear form ■ : g x g — > K and consider the associated 
Cartan trivector <f> G Ag, defined at ()2.2.2j) . (Recall that Ag is the vector space of 
g-invariant skew-symmetric elements of g® 3 .) By a quasi-Poisson structure on M 
we shall mean a G-invariant bivector field P G G°°(A 2 T) such that the Schouten- 
Nijenhuis bracket [P,P] G G°°(A 3 T) is equal to the G-invariant trivector field 
(i- 1 (2(f))) M = 2(L- 1 ((f))) M on M generated by t" 1 (2 ( /)) = 2r x (<f>) G A 3 g. We call 
such a P a quasi-Poisson bivector field on M. Note that, given dual bases (ej)j and 
(ef)i of g (so that ej • e' = (5^ for all i, j), we have 

= ^(E( e ' ' t^ejkDeJ^e} ® e») = ^(e, ■ [e„e fc ])e» 

The following lemma |AKsMj shows that a quasi-Poisson structure on M induces 
on G°° (M) a structure of a quasi-Poisson algebra associated with <fr, as defined in 
Section [2731 



AeHAe£. 



Lemma 8.1. Let M be a smooth manifold endowed with a smooth action of a 
Lie group G, whose Lie algebra g is equipped with a G-invariant non-degenerate 
symmetric bilinear form. Let <f> G A 3 be the associated Cartan trivector and A = 
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C°°(M). Then, the pairing {— , — } p : A x A — > A determined by a quasi- Pois son 
bivector field P on M as above is a quasi-Poisson bracket in A associated with (j). 

Proof. Recall that any k- vector field U £ C°°(A k T) determines an A- linear map 

iu : C°°(AT*) ->• C°°(AT*) 

of degree —k called the right interior product by U, see, for instance, (Mar . The 
map ijj is uniquely determined by the condition that {iuot, X) = (a, U A X) for all 
a e C°°(A n T*) with n > k and all X G C°°{A n - k T). By pari Proposition 4.1], 

(8.1.3) i{ UtV ] = - [[iv,d] ,iu] 

for any U E C 00 (A k T) and V € C°°(A l T) with k,l > 0. On the right-hand side 
of (|8 . 1 . 3[> . the bracket [ip, ip] of two graded endomorphisms <p and tp of C°°(AT*) 
stands for the graded commutator ip>ip - (-l) dc e(f) deg(v)^y,, By we have 

for any f,g,he A, 

[f,9,h}{P,P] = (df AdgAdh,[P,P}) 

= i[p,p\ (df A dg A <i/i) 

= —[ipd — dip,ip](dfAdgAdh) 

= —(ipdip — dipip — ipipd + ipdip)(df A dg A dh) 

= -2ipdip(df A dg A dh). 

Here we use that d(df A dg A dh) — and that ipip decreases the degree by 4 and 
therefore annihilates df A dg A dh. Expanding the determinant of a (3 x 3)-matrix 
with respect to the last row, we obtain that for any vector field X on M, 

(dfAdgAdh,PAX) = {df Adg, P){dh, X) - (df Adh, P){dg, X) + {dg Adh, P){df, X) . 

Therefore 

i P (df A dg A dh) = {/, g} p dh + {h, f} p dg + {g, h} p df. 
We deduce that 

(8.1.4) {f,g,h} [PP] = -2i P (d{f,g} p Adh + d{hJ} p Adg + d{g,h} p Adf) 

= 2 ({h, {/, g} P } p + {g, {h, f} P } p + {/, {g, h} P } p ) . 

The assumption [P, P] — 2(i~ 1 ((f>))M implies that { — , — } p is a quasi-Poisson 
bracket in A associated with <f>. □ 

8.2. A quasi-Poisson structure on H. Let S be a compact connected oriented 
surface with non-empty boundary and base point * G <9E. Then the group ir = 
7ri(S, *) is free of a finite rank n > 0. We fix an integer N > 1 and consider the 
smooth manifold 

H = Hom(7r, G N ) S (G N ) n where G N = GL N (R). 

The group Gn acts on % by conjugations in the obvious way. The aim of this 
subsection is to construct a natural quasi-Poisson structure on H. 

Set A = 1R.7T and recall the algebra Am from Section[3J By Sect ion [3~31 we have an 
evaluation map ev = evR from An to the algebra Map("H, ]R) of M-valued functions 
on H. To describe ev in concrete terms, pick a basis {i„}" =1 of ir and use it to 
identify H = (Gjv) n - Consider the presentation of A jy by generators and relations 
discussed at the end of Section 13.31 The map ev carries the generator xfj (respec- 
tively, y u ) of Am to the function T-L = (Gn)™ — > K sending a sequence of n invertible 
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matrices to the (i, j)-th entry of the u-th matrix (respectively, to the inverse of the 
determinant of the w-th matrix) . We can view H as the affine algebraic set defined 
by the equations y u det(xf j ) lJ = 1 in the affine space (Matjv(R) x R) n = R( Ar2 + 1 )™ 
with coordinates ((%fj)i,j, y u )u- The coordinate algebra M.[H] of % is the quotient 
of M.[((xfj)ij, y u ) u ] by the ideal generated by the polynomials y u det(iy)ij — 1 for 
ue {l,...,n}. Restricting polynomial functions R(^ 2 +i)n -> R to H C R^^ 1 )™, 
we identify R[U] with a subalgebra of G°°(%) C Map(H,R). Then the description 
of ev above shows that ev is an isomorphism from An onto R[%]. Transporting 
along ev the quasi-Poisson bracket in An provided by Theorem 13.11 we obtain a 
skew-symmetric bracket {— , — } in M.[H] which is a derivation in each variable. 

Theorem 8.2. There is a unique quasi-Poisson structure on % such that the as- 
sociated bracket in C°°^H) extends the bracket { — , — } in M.\H\. This quasi-Poisson 
structure is invariant under the action o/Homeo(S, *) on %. 

Proof. We claim that there is a unique bivector field P G C°° (A 2 TH) such that 
{f>9} = {/j<?}p = {df hdg,P) for all f,g G R[H]. Indeed, pick a point m G Ti 
and let T m T-L be the tangent space of the smooth manifold H. at to. Consider the 
maximal ideal I m of R[H] consisting of all / G M.[H] such that /(to) = 0. Recall 
that at any smooth point of an affine algebraic set, the Zariski tangent space may be 
identified with the tangent space of differential topology. Specifically, there is a non- 
degenerate bilinear form (I m /i^J x T m 7i — > R defined by (/, v) H> d m f(v) where 
/ G I m and v G T m T-L. On the other hand, the map (/, g) n> {/, g}(m), where f,g G 
I m , induces a skew-symmetric bilinear form (I m /I 2 n ) x (I m /I 2 n ) —> R. Therefore 
there is a unique bivector P m G A 2 T m T-L such that {f,g}(m) = (d m f A d m g,P m ) 
for all /, g G I m - In fact, the latter formula holds for all f,g G R[H] because 
{1,—} = { — ,1} = 0. The map to h> P m defines a unique section P of the bundle 
k 2 Trl over % such that {f,g} = (df A dg,P) for all f,g<E R[H]. It remains to 
justify that P G C°° (A 2 TH) , i.e., that P is a smooth section. For this, we consider 
the functions i^- = ev(ar^) G R[W] as above. These functions form a local system 
of coordinates in a neighborhood of any point of Ji, and we can expand 

Since the functions {5^,5^} G M.[H] are smooth, P is a smooth bivector field on 
H such that the bracket { — , — } p in C°°(T-L) extends the bracket { — , — } in R[%]. 

We verify now that P is Gjv-invariant. Observe that the action (|8.1.1[) of Gat on 
G°°('H) preserves the subalgebra R[%]. By Section [3~3l the evaluation map ev from 
the (Gjv, 0jv)-algebra An to C°°(H) is GAr-equivariant. This and the Gjv-invariance 
of the quasi-Poisson bracket in A^ imply the Gjv-invariance of the bracket { — , — } 
in R[%]. The latter implies the GAr-invariance of P. 

To see that P defines a quasi-Poisson structure on H, we need only to check 
the modified Jacobi identity. Observe first that the action (|8. 1 . 2[) of gN on C°°(T-L) 
preserves R[H] and the evaluation map ev : An — > C oc (H) is fjAr-equivariant. It 
suffices to check the giv-equivariance of ev on each generator of An of the form 
xfj with u G {1, ...,n} and i,j G {1, . . . ,N}. For any w G Qn and any point 
to = (m„)™ =1 G H = (Gat)", we have 

(wev(x?j)) (m) = (wx^)(m) 
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Since our bracket in Am is a quasi-Poisson bracket associated with 4>n, so is the 
bracket {-, -} in R[H]. Thus, for any f,g,he R[H], 



(dfAdgAdh,[P,P}) = 



{f,9,h}[p,p] 

2 ({/, {9, h} p } p + {g, {h, f} p } p + {h, {/, g} p } p ) 
= 2 ({/, {g, h}} + {g, {h, /}} + {h, {/, g}}) 
= 24> N {f,g,h) 
= 2(df AdgAdh,^- 1 ^))^ 

where (i" 1 (4>n))^ is the trivector field on H induced by (. _1 (0at) € A 3 gAr. Since the 
differentials of regular functions fill in the cotangent space, [P, P] = 2 (^l -1 (4>n)) fj- 
The invariance of P under the action of Homeo(E, *) follows from the correspond- 
ing property of the quasi-Poisson bracket in An and the fact that the evaluation 
map preserves this action. □ 

8.3. Computations. We give explicit formulas for the quasi-Poisson brackets as- 
sociated with a compact connected oriented surface E of genus g > with m+1 > 1 
boundary components. Fix a basis (pi, qi, . . ■ ,p g , q g , z\, . . . , z m ) of 7r = 7Ti(E, *) as 
shown on Figure [TJ 

We first compute the double bracket £ — , — J s in Kir. For any u,v £ {1, . . . , m} 
such that u < v, we have ^z u , z v ^ v — so that 



L Zu 5 



1 Zf^Zy ~\~ ZyZy 



and, for any u £ {1, . . . , m), we have 



1 z u C^> z v z u 



.2 „ 



z« €3 z„ — 1 % z\ so that 



z. 



u 



1 - 1 



z... 
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For any u, v £ {1, . . . , g} with u < v and any a, b £ {p, q}, we have $_a u , b v lf = 
so that 

\a u , b v J s = 1 <g> a u b v + b v a u (g> 1 - a u <g> b v - b v ® a u . 
For any u £ {1, . . . , g}, we have 

{p^PuIf = Pt t ®Ptt-l®Pu ! ^^l,., g^S' 7 = <?«®g«-^®l, = <?«®p« 

so that 

#p«,p«F = p« ® i - 1 ® pL t^u, ?«F = i®«2-fl2® 1 . 

and 

QuV — l ® p u g u + 5«Pu ® l - Pu ® + g« ® Pu- 

For any u € {1, . . . , <?} and u S {1, . . . , m}, we have f p u , z v J v = so that 
•§X, = 1 ® PiA + z v p u ® I - p u ® z v - z v <S> p u . 

For any u £ {1, ... ,5} and «£ {1, . . . , m}, we have §g u , z v J v = so that 

fe, z v } s = 1 <g> + <g> 1 - <?„ ® ^ - z„ (g» g„. 

We now fix an N > 1. By Section [5751 given a basis (si,:^, ■ • ■ ,X2 g + m ) of n, 
the quasi-Poisson bracket {— , — } in (K.7t)tv produced by Theorem l3.1l is determined 
by its values on the generators xfj — {x u )ij with u £ {1, . . . , 2g + m} and i,j £ 
{1, . . . , N}. Applying this fact to the chosen basis of n, we deduce from the compu- 
tations above the following formulas which hold for arbitrary i,j,k,l £ {1, . . . , N}. 
For any u, v £ {1, . . . , m} with u < v, 

(8.3.1) { Z ij' Z kl} = $kjZi r Zri + Z% s Zsj5u — ZfrjZ^ — Z%jZ^. 

For any u £ {1, . . . , m}, 

(8-3.2) {4,^} = «.«5 ii -«y fci «- 

For any u, v £ {1, . . . , g} with u < v and any a,b £ {p, g}, 

(8.3.3) {al, %} = 8 kj a%Xi + bl s a%8 u - ajfc&S - ft^-ajj. 
For any u £ {1,. . . ,g}, 

(8.3.4) {p$>p«} = pLp^-^-^pM; 

(8.3.5) = - 

(8.3.6) {p$, ? £} = *«P?r?rl+9fcX/«-P«?S + 3lwPS- 
For any u6{l,...,j} and u £ {l,...,m}, 

(8.3.7) {p^i-zjw} = SkjpfrZ^i + z% s Pgj5ii — Pkj z u — z kjPa'i 

(8.3.8) = 5 kj q?Xi + *W* ~ ?«4 ~ 4jQa- 

For K = K, we can use a basis (xi,X2, ■ ■ ■ ,X2g+ m ) of tt to identify the space 
U = Hom(7r, GLjv(R)) with the open subset (GL N {R)) n of (Matjv(K)) n = W 1 ^ . 
The functions (xfj) u ,i,j form a system of smooth coordinates on H where u £ 
{1, . . . ,2g + m}, i, j £ {1, . . . , N}, and xfj : % — > R carries a tuple of 2g + n 
matrices to the (i,j)-th entry of the u-th matrix. In the coordinates derived in 
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this way from the chosen basis of n, the quasi- Poisson structure on ~H provided by 
Theorem 18.21 is determined by the bivector field 



+ g( fea} 4 A 4 +{5S ' s ' } 4 A 4) 

i,j,k,l 

+ iS,, ( <fi;,ffi} 4 A 4 + 4 A 4) 
+ e (^>«)4 A 4 



u,i,j,k,l 



+ s(«-*>4 A 4 + «-*>4 A 4)- 

Here the brackets { — , — } are computed from (18.3.11) - (18.3.81) by replacing all p's, 
<7's and z's with p's, g's and z's respectively. 

8.4. Remarks. 1. The restriction of the quasi- Poisson bracket { — , — } in C ao {%) 
to the subalgebra of GAr-invariant elements C°°(J-L) Gn is a Poisson bracket, and the 
map evotr : Rir -> R[H] Gn C C°°{'H) Gn carries the Goldman bracket in Rtt into 
(1/2) {— , — }. The restriction of { — , — } to R[H] Gn can be uniquely recovered from 
the Goldman bracket because the set ev (tr(#)) generates the algebra R[H] Gn . 

2. Our definition of a quasi- Poisson structure on a manifold differs from that in 
AKsM by a factor of 2: a quasi- Poisson bivector field in our sense is 2 times a 
quasi-Poisson bivector field in the sense of [XKsM . 

3. Under the assumptions of Section 15731 the isomorphism class of (H,P) (in 
the category of quasi-Poisson manifolds) docs not depend on the choice of the 
base point * G <9E. This follows from the naturality of our bracket under surface 
homeomorphisms and the fact that for any points *, *' € <9S, there is an orientation- 
preserving self-homeomorphism of E carrying * to *'. 

9. Moment maps and surfaces without boundary 

We discuss moment maps and, as an application, associate certain Poisson alge- 
bras with surfaces without boundary. 

9.1. Moment maps. Motivated by the notion of a multiplicative moment map for 
a quasi-Poisson manifold [AKsMj . Van den Bergh [VdBj defined a similar notion 
for a quasi-Poisson double bracket §—,—1 m an y algebra A. In our notation, 
his definition may be reformulated as follows: a moment map for ■{{ — , — }}• is an 
invertible element ijl £ A such that for all a e A, 

(9.1.1) {[/it, aj = a<g>// + a//®l — /i <S> a — 1® \ia. 
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Let N > 1 be an integer. Formula (|9.1.1[) allows us to compute the bracket 
{(n m )ij, a U v} £ An for any a £ i, m £ Z, and i, j, {1, . . . , N}. For to > 0, 

{{ M ™,a}} = {{^ m -V,a}} 

= a® [i m + a^i® ^ m ~ 1 - n ® fjb m ~ l a -I® fj, m a + f/i" 1 " 1 ^}} * fi 

= a , m ((J.,a) +cr 1>m - 1 (n,a) + f/J m_1 , a}} */i 

where <7k,m-k{n, a) = a/i fc ® y, m ~ k — ® fi m ~ k a for any fc e {0, . . . , m}. Since 
(/i, a) * /x = o*+i )m _(k+i)(jU, a), we deduce recursively that 

m— 1 

(9.1.2) (^i,o) +£7m,o(M>o) +2 a k , m -k(^,a)- 

k=l 

Therefore 

(9.1.3) = ttuj(/i m ),» - ^(/i m tt)™ + - (/'"'laja,,. 

m — 1 

+2 £ ((aii k ) vj (j i m - k ) iv - (n k ) uj {li m - k a) iv ) . 
fe=i 

Similar formulas hold for the (— m)-th power of (where m > 0). Set fx = /i -1 G A. 
Using the equalities Iff 1 , a} = -JJ m * {fx m , a} * JJ m and 

M™ * o-fe, TO -fe(/i, a) */I m = cr m _ fcife (77,a) ) 

we deduce from (|9.1.2|) that 

m — 1 

(9.1.4) -flX™, a]} = -<Jo,m(P>a) ~ ow^a) - 2 X! a k,m-k(Ji,a). 

fe=l 

Hence 

(9.1.5) {(7Z m )y ) a uo } = -a uj (jl m ) iv + 6 UJ (jI m a) iv - (aJf n ) u jS iv + (~p m ) U3 a iv 

771 — 1 

+2 ^ (-(a/1% (71™-% + (M fc ) UJ (M" l - fc a)») ■ 
fc=l 

These computations imply, in particular, that the subalgebra of j4at generated by 
the (jii m )ij's (with to € Z and i, j 6 {1, . . . , ^V}) is closed under the bracket {— , — }. 
The next lemma gives another property of moment maps used below. 

Lemma 9.1. Let § — , — jj- be a quasi-Poisson double bracket in an algebra A and 
let (— , — ) : A x A — > A be the induced Lie bracket. Let fi £ A be a moment map, 
let A' — A/A(fi — I) A be the quotient of A by the two-sided ideal generated by fi — 1 
and let A' = A' /[A 1 , A']. Let p : A — s> A' be the projection and p : A — > A' be 
the induced map. Then, for any N > 1, there is a unique Poisson bracket { — ,—}' 
in the subalgebra (A') N of A' N generated by tr(A') C A' N such that the following 
diagram commutes: 

A® A ^ > A' ® A' — > (A% ® (A% 



(--> 

A 1 > A' ^ > (A 



{-,-}' 



N ■ 
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Proof. Set T = (A') N . The uniqueness of a Poisson bracket in T satisfying the 
conditions of the lemma is obvious because by the Leibniz rule, the values of such 
a bracket on generators of T determine the bracket. The existence can be deduced 
from VdB, Proposition 5.1.5] and [Cbl Theorem 4.5] using TJo-Poisson structures, 
but we rather give a direct proof. Consider the algebra map pn '■ An — > A' N 
induced by p and the algebras B' = (A' N ) SN C A' N and B = p N 1 {B l ) C A N . The 
following two claims are verified below: 

(i) {B, B} C B where {— , — } is the quasi-Poisson bracket in Am induced by the 
quasi-Poisson double bracket {[ — , — ]}• in A, and 

(ii) there is a unique bilinear pairing { — ,— } : B' x B' B' such that the 
following diagram commutes: 

(9.1.6) B®B >B'®B> 



{-,-} 



{-■-}' 



B ™ >B>. 

Then the properties of { — , — } and the triviality of the action of Qn on B' imply 
that {— , — }' is a Poisson bracket in B' . Clearly, T C B' . For any a,b £ A, we have 

{tip(a),tip(b)}' = {p N ti(a),p N tr(b)}' = p N {tr(a), tr(b)} 
= p N tr ((a, b)) = tip ((a, b)) 

where we use the commutativity of the diagram (|9.1.6j) and Lemma 14.21 Thus we 
have {T, T}' C T, and the restriction of {— , — }' to T C B' is a Poisson bracket in 
T satisfying the conditions of the lemma. 

To prove the claims (i), (ii), we observe that for all y € An and i,j S {1, . . . , N}, 

(9-1.7) p N {(//-%, y} = 2p N (f Ji y) 

where /y S qn is the elementary matrix whose (i,j)-th entry is 1 and the other 
entries are 0. Since both sides of (|9.1.7[) are derivations in y, it is enough to check 
it for each generator y — a uv where a £ A and u,v G {1, . . . , N}. We have 

Pn {0 - l)ij,a U v] = PN (i/i - 1, o}^ ifi - 1, a} ( ^ 

= PN(ili,a}^in,a}^) 

— PN \P"ujlliv ~t~ \&[l)uj3iv llujdiv $uj ) 

= PN(a U j)Siv + PN(a U j)Siv - S uj p N {a iv ) - S uj p N (a iv ) 

— 2pjv(/j i a tl „). 
We now prove (i). Observe that 

(9.1.8) B = Pn 1 ((A'n) Bn ) = {x e A N : wx 6 Keip N for all 

Let us pick any x,y e B and show that {x,y} G B. We need to show that 
w {x,y} G KevpN for all w G Qn- By the definition of pn, the ideal KerpN C An 
is generated by the elements (fi — = fiij — Sij with i,j G {1, . . . , N}. Since 
x, y G B, we have wx = J2 a ^(a* ~ l )i a j a an d wy = J2b s b(P ~ l )k b i b where a, b run 
over finite sets of indices, r a , sj, G An, and i a ,ja,kb,h G {1, . . . , N}. Then 

w{x,y} = {wx,y} + {x,wy} = ^ {r a , y} (jj, - l) laja + r a { (ji - l) laJa , y} 
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b b 

The following is deduced from (|9.1.7[) an d the fact that x,y G B: 

p N (w{x,y}) = 2YPN(r a )p N {f jala y) + 2 22p N (s b )p N (f hkb x) = 0. 

a b 

We now verify (ii). Since the map pn\b ■ B — > B' is surjective and the bracket 
{ — , — } is skew-symmetric, it is enough to verify that pn {x,y} — for any x 6 
Kerp^v and y G B. It suffices to check the case where x = r(p, — with r G 
and i,j G {1, . . . , TV}. Then, applying (|9.1.7p again, we obtain that 

Pn {x,y} =p N ({r,y} - l)y +r{(^i - l)y,y}) = 2p N (r)p N (f jl y) = 0. n 

9.2. Peripheral loops. Let S be an oriented surface with base point * 6 <9E, such 
that the component of <9E containing * is a circle. (This is always the case if S is 
compact.) Let v G it = 7Ti(£, *) be represented by this circle component viewed 
as a loop based at * with orientation induced from that of E. Then 77 = v~ x g tt 
is a moment map for the quasi-Poisson double bracket •{[— , -~^ s in K.7T introduced 
in Section [7] Indeed, by formula (|7.2.3[) . we have {[F, aj v = a ® 77 — 1 ® Fa for all 
a G 7r so that 

f 77, a§ s = a(g>77 + a77®l — 77®a — 1® 77o. 

Thus, formulas (|9.1.2|) - (|9.1.5j) apply to fi = 77. That the subalgebra of (K7r)Ar 
generated by the (v k )ij's (with k G Z and z, j G {1, . . . , JV}) is closed under the 
bracket can also be deduced from the naturality of -{[— ,— J}- s under inclusions of 
surfaces: if E is not a 2-disk, then v G 7r is an element of infinite order, and 
the subalgebra in question is the iV-th quasi-Poisson algebra associated with the 
annulus S 1 x [0, 1]. 

9.3. Arbitrary oriented surfaces. Let E be an oriented surface possibly without 
boundary. Pick a point * G E and set it — 7ri(E, *) and A = Kir. If * ^ <9E, then 
we do not have a pairing in A similar to the pairing of Section f7.1l and consecutively 
have neither a corresponding double bracket in A nor a quasi-Poisson bracket in An. 
However, for any choice of *, the subalgebra A l N of An generated by tr(A) C 
has a natural Poisson bracket which we now define. Recall first the Goldman Lie 
bracket (— , — }q in A = A/[A, A] = Kfr. By definition, for any a, b G tt, 

where a, (3 are generic loops in E representing a, b and a p f3 p G n is represented by 
the product of the loops a, f3 based at p. 

Theorem 9.2. For any N > 1, the algebra A N has a unique Poisson bracket 
{— , — } such that {tr a, tr b} — 2 tr((o, &)g) for all a, b G A. 

Proof. The uniqueness of { — , — } is obvious and we need only to prove the existence. 
When * G <9£, our quasi-Poisson bracket in An restricts to a Poisson bracket in 
A^ which further restricts to a Poisson bracket in A N satisfying the conditions of 
the theorem. Suppose that * G E \ dT,. Let E be the oriented surface obtained 
from E by removing the interior of a closed embedded 2-disk D C E \ dT, such 
that * G 3D. Set A = Ktt where ir = 7i"i(E ,*). The algebra homomorphism 
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A — > A induced by the inclusion E C S is surjective, and its kernel is the two- 
sided ideal generated by V — 1 where V g tt is the homotopy class of dD with the 
orientation induced from that of D C E. By Lemma T9. 11 the quasi- Poisson double 
bracket {— , — J s in A induces a Poisson bracket in A* N . Since the Lie bracket in 
A induced by {[ — . — j- s is twice the Goldman bracket of E , this Poisson bracket 
in Apj satisfies the conditions of the theorem. □ 

If E is connected, then a different choice of a base point in E results in a Poisson 
algebra canonically isomorphic to {A t Nl {— , — }). Indeed, a path 7 in E leading from 
* to *' 6 E determines an algebra isomorphism 7^ : A — > A' = K7Ti(E, *'). The 
induced isomorphism An — > A' N carries A l N onto (A'Y N . Since the isomorphism 
7# : A — > A' preserves the Goldman bracket and does not depend on the choice of 
7, the resulting isomorphism A l N —> (A'Y N preserves the Poisson bracket and does 
not depend on the choice of 7. 

When IK is a field of characteristic zero and E is compact, A l N — Afj N (see the 
end of Section [22]) and Theorem [H2] yields a Poisson bracket in A^ N . When K = R 
or K = C this is twice the bracket studied in [Go2j . 

10. Generalization to Fuchsian groups 

In this last section, we generalize Theorems 13.11 and 19.21 to so-called weighted 
surfaces and briefly discuss connections with Fuchsian groups. 

10.1. Weighted surfaces. Let E be an oriented surface with 9E ^ endowed 
with base point * (possibly not lying on <9E). Note that each circle component 
X of <9E determines a conjugacy class [X] of elements of tt = 7Ti(E, *). A typical 
representative of this class has the form where a is a path from * to a 

point of X and f3 is a loop going once along X in the direction determined by the 
orientation of E. 

A weight on E is a map from the set of circle components of <9E \ {*} to Z. 
Given a weight n on E, consider the normal subgroup (n) C 7r generated by all 
elements of the form x nt > x ) where X runs over the circle components of <9E \ {*} 
and x runs over [X] C ir. The quotient group n' = w/ (n) is called the group of the 
weighted surface (E, n). Set A — Ktt, A' — Ktt', and let p : A — > A' be the algebra 
homomorphism induced by the projection tt — ¥ tt' . Recall that 

A = A/ [A, A] =Ktt and A' = A' /[A', A'] = Ktt', 

and denote by p : A — > A' the linear map induced by p. 

We show that brackets associated with A induce corresponding brackets for A'. 
Our first observation is that the Goldman Lie bracket (— , —)g m A induces a unique 
Lie bracket (— , — )' G in A' such that the following diagram commutes: 

A® A — ► A 

(10.1.1) p 

A' <g> A' > A'. 



This follows from the fact that, for any circle component X of 9E \ {*}, all integral 
powers of elements of [X] are central for the Goldman bracket of E. 
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Theorem 10.1. Suppose that * 6 <9E. Then the following claims hold. 

(i) Let N > 1 and pn ■ An — > A' N be the algebra homomorphism induced by p. 
Let {— , — } be the quasi-Poisson bracket in An produced by Theorem \3.1\ There is 



a unique map { — ,—}' 



(10.1.2) 



A' N xA' N 



—> A' N such that the following diagram commutes: 



A N ®A N 



{-,-} 



-*A N 

Pn 



A' N ®A 



{-,-}' 



N 



-> A 



N ■ 



The map {—, — }' is a quasi-Poisson bracket in the (G n , Qn)~ algebra A' N . 

(ii) For all N > 1, the trace map tr : A' — > (A' N ) BN is a homomorphism of Lie 
algebras where A' is endowed with the Lie bracket 2(— , — }' G and (A' N ) SN is endowed 
with the restriction of the bracket { — , — }'. 

Proof. The uniqueness of { — ,—}' follows from the surjectivity of pn- Since the 
bracket { — , — } is quasi-Poisson, the commutativity of (|10.1.2|) implies that the 
bracket { — ,— } is also quasi-Poisson. We need only to prove the existence of 
{ — ,—}'. We begin by proving that there is a unique pairing 7/ : A' x A' — >• A 1 such 
that the following diagram commutes: 



A® A 



(10.1.3) 




A'® A' 



The uniqueness of rj' follows from the surjectivity of p, and we need only to prove 
the existence of n' . Consider the two-sided ideal Kerp of A. We shall prove that 
prj(Kerp, A) =0. As a left ideal, Kerp is generated by the expressions of type 
x n{x) _ ^ wnere x runs over the circle components of dY, \ {*} and x runs over 
[X] C 7T. Since rj is a left Fox derivative in the first variable, it suffices to prove 
that pr)(x n ( x \ A) = for all X and x G [X]. Let x = afla^ 1 where a is a path 



from * to a point of X and j3 is a loop in X. Clearly, x 



n(V) _ 



Any 



loop 7 in E based at * can be deformed to avoid f3 and to meet a transversely 
in a finite set of simple points. A direct application of (|7.1.1j) shows that the 
contribution of each of these points to r](x n ( x >, 7) = ^(afi^^a -1 , 7) has the form 
±{a 



MX) 



a) for some a £ jr. Therefore prj{x n ^ x \ r )) — 0. A similar argument 



shows that p~n(A, Kerp) = 0. This implies the existence of 77'. 

The properties of rj recalled in Section[7]imply that rj' is an F-pairing and rj -\-r\' = 
—p\. The double bracket , —\ in A! defined by the skew-symmetric F-pairing 
r/' — 7/ = 277' + p\ in A 1 makes the following diagram commute: 



(10.1.4) 



A ® A- 
A' ® A' ■ 



— y A ® A 

p®p 

->A'®A'. 



Lemma 17.21 implies that {[ — , — J' is quasi-Poisson. It induces a quasi-Poisson 
bracket { — ,—}' in A' N by Lemma I4TT1 The commutativity of the diagram (|10.1.4[) 
implies the commutativity of the diagram (|10.1.2[) . 
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The second claim of the theorem is proved following the lines of Section 17.31 □ 

The next theorem is an analogue of Theorem 19.21 and is proved similarly. This 
theorem covers all choices of * in E. 

Theorem 10.2. For any N > 1, the subalgebra {A') N c ^'n generated by tr(A') 
has a unique Poisson bracket { — ,—}' such that {tra,tr&}' = 2tr((a, b)' G ) for all 
a,b£ A'. 

All the brackets discussed in this section are natural with respect to the action 
of orientation-preserving weight-preserving self-homeomorphisms of the pair (E, *). 

10.2. Examples. 1. Let E be a compact connected oriented surface of genus g > 
with m + 1 > 2 boundary components. Picking a base point on one of these 
components and assigning integers n\ , . . . , n m to the other components we obtain a 
weight on E. The group, it' , of the resulting weighted surface is presented by 2g + m 
generators pi, q\, . . . ,p g , q g , Zi, . . . , z m and the relations z™ 1 = • • • = z"™ = 1. This 
is a Fuchsian group with at least one parabolic or hyperbolic generator. Theorem 
HO.ll vields a natural quasi- Poisson bracket in the algebra (Ktt')^ for all N > 1. For 
the generators chosen as on Figured! the product [pi, qi] ■ ■ ■ [p s , q g \z\ ■ • ■ z rn £ it' is 
a moment map for the double bracket in Ktt' defined in the proof of Theorem llO.il 
2. Let E be a compact connected oriented surface of genus g > with m > 1 
boundary components. Picking * G E \ <9E and assigning integers n±, . . . , n m to 
the boundary components we obtain a weight on E. The group, n', of the resulting 
weighted surface is a Fuchsian group with generators pi, Qi, . . . ,Pg, g gi Z\, . . . , z m 
subject to the relations z™ 1 = • • • = z^ m = 1 and [pi, q{\ ■ ■ ■ [p g , q g ]zi ■ ■ ■ z rn = 1. 
Theorem 110.21 yields a natural Poisson bracket in the algebra (Ktt'Y n for all N > 1. 
When K is a field of characteristic zero, this gives a natural Poisson bracket in the 
algebra (Ktt')% Ln(K) . 

Appendix A. The actions of Gat and q n on A n re-examined 

Given an algebra A and an integer N > 1, denote by X- the affine scheme (over 
K) whose set of i?-points X^{B) is Hom_4; 9 (A, Matjv(S)) for any commutative 
algebra B. The coordinate algebra of is the commutative algebra An introduced 
in Section |3. II In this appendix, we analyze from the viewpoint of group schemes 
the actions of Gm = GLjv(K) and Qn — Q^-n^-) on A^ defined in Section I3~2l For 
the language of group schemes, we refer the reader to |Jaj . 

For any commutative algebra B, the group GLn{B) acts on Mat n (B) by the 
conjugation M n> gMg^ 1 where M £ Mat n {B) and g £ GL^(B). This induces an 
action of GLn(B) on Hom_4; s (A, Mativ(B)) which is natural in B. These actions 
constitute an action of the group scheme GLjv on the affine scheme X^. 

Lemma A.l. The action (|3.2.2[) o/Gjv = GLjv(IK) on An is induced by the action 
o/GLjv on X^. The action (|3.2.3[) of qn — Lie(GLjv) on An is the infinitesimal 
version of the action of GL n on X^ . 

Proof. For any commutative algebra K, the action of the group scheme GLjy on 
X^ induces an action of GLjv(i^) on An <8> K by if-algebra automorphisms as 
follows. Consider the affine scheme over K obtained from X^ by changing the 
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coefficients from K to K. We can view An <8> K as the coordinate algebra of this 
scheme through the canonical isomorphism 



for all r G Homx-CAig ( An <B> K,B), g G GLat(-?0 and x € Aat ® if- Here, the 
action of GLn(K) on Hom/f -cAZg(A/v <S>if, B) is induced by the action of GLat(-B) 
on Xfi{B) using (jA.O.lj) . (|3.1.ip . and the canonical map GL N (K) -> GLat(-B). 
This yields an action of GL^-fT) on A w ® i^T. Applying (|A.0.2|) to B = A N <8> if, 
r = idA N ®K and a; = ay ® 1 (with a £ A and i,j G {1, . . . , N}), we obtain 

(A.0.3) o(ay (g> 1) = (g^ 1 id Alv ®K)(aij ® 1) = a fei ® {g~ X )i,k9l,3 

for any g G GLjv(^)- For if = K, we recover the action (13.2.21) of Gat on Ajv- 

The action of GLn(K) on Aat ® K is natural in if and determines thus an ac- 
tion of the group scheme GLjy on An- Recall that an action of a group scheme 
is equivalent to a comodule over its coordinate Hopf algebra, see [Ja] §1.2.8]. 
Hence we obtain a comodule structure in An, which is given by a linear map 
Ajy : Am — > An <g> K[GLat] where K[GLat] is the coordinate algebra of GLat. 
Since GLat acts on An by algebra automorphisms, Aat is an algebra homomor- 
phism. We now compute Aat on the generator ay G An for any a G A and 
i,j G {1,...,N}. We have Aat (ay) = idK[GL N ] (ay ® 1) where the action of 
idK[G Ljv ] e Homc4iff 0K[GLjv], K[GLjv]) - GLat(K[GLat]) is given by (TaTO)) with 
K = K[GLjv]. The matrix id]K[GL N ] is equal to (xy)i,j where xy G K[GLat] maps 
any M G GLat(-B) to the («, j)-th entry of M for any commutative algebra B, and 
(idiKlGLjv])" 1 is the matrix (3?y)ij where afy G K[GLjy] maps any M G GLat(-B) to 
the (i, j)-th entry of M _1 . Therefore 

(A.0.4) Aat (ay) = ati ®~x~ikXij. 

Recall that the Lie algebra of a group scheme is its tangent space at the unit 
point, and any representation of a group scheme carries the structure of a mod- 
ule over the corresponding Lie algebra, see [Ja] §1.7]. The latter structure is the 
"infinitesimal version" of the representation of the group scheme. We have 

Lie(GL w ) = {fi G Hom(K[GLAr],K) : fi(l) = 0,/i(i?) = 0} ~ Hom(7i/7^,K) 

where 1\ C K[GLAr] is the ideal consisting of all x G K[GLat] such that x(l) = 
0. Viewing K as a K[GLAf]-module via the map K[GLat] —¥ K, x i-> x(l), we 
can identify elements of Lie(GLAf) with derivations K[GLat] — > K. The action of 
Lie(GLAr) on An induced by the action of GLat on An carries any fj, G Lie(GLAr) 
to the composite map 



Since Aat is an algebra homomorphism and fj, is a derivation, the composite map 
is a derivation, and we obtain an action of Lie(GLAf) on An by derivations. 

The Lie algebra qn = fll^K) can be identified with Lie(GLAr) by sending any 
w G Qn to the linear map \i w : K.[GLn] — > K defined by 



(A.0.1) Eom K -CAlgiA N ®K,B)~ RomcAi g (A N ; B) 

for any commutative X-algebra B. Then 

(A.0.2) r(gx) = (g^r^x) 



A N 




A n ® K[GLat] '-^ A N ® K ~ A N - 



Hw(x) = q(x(l + ew)) for all x G K[GLa?] 
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where e is the generator of the algebra of dual numbers K[e]/ (s 2 ), x(l + ew) is the 
evaluation of x at 1 + ew £ GLat(IK[£]/(£ 2 )) and q : K[e]/(e 2 ) — > K is defined by 
q(k + le) = I for all k, I G K. Through this identification, the action of Lie(GLAr) on 
An determines an action of qn on Ajv- For any w £ qn, a £ A and i,j £ {1, . . . , iV}, 

wa-ij = {id®fj, w )A N {aij) = Hw\XikXij)a k i 

= q(x lk (l + ew)xij{\ + ew))a k i 
= q(($ik - swi t k)(6ij + £wi :j ))a k i 
= (-Wt^Sij + 5 lk wij)a,ki = -w l , k a k j + auwij. 
Thus, this action of qn coincides with the action (|3.2.3[) . □ 

Lemma [A. II has the following useful consequence. If K is an algebraically closed 
field, then A^ N coincides with the GLjv-invariant part of A n as a representation 
of the group scheme GLat, see [H §1.2.8]. Therefore A% N C A B ^ . 

Appendix B. Comparison of quasi-Poisson structures 

We compare our quasi-Poisson structure on representation manifolds with those 
defined in AKsM . We assume that K = E and use notations of Section [8] In 
order to make the computations of A 1\>.\I| compatible with our conventions, we 
multiply the quasi-Poisson bivector fields appearing in [AKsM by 2. 

B.l. Preliminaries. In this subsection, G is a Lie group whose Lie algebra g is 
endowed with a G-invariant non-degenerate symmetric bilinear form • : q x q — > K. 
The construction of [AKsM uses three main ingredients: a so-called fusion product 
of quasi-Poisson manifolds, a canonical quasi-Poisson structure on G and a preferred 
quasi-Poisson structure on G x G. We briefly recall the relevant definitions. 

The fusion product is defined as follows. Let = g © g be the Lie algebra of the 
Lie group D = G x G. Pick a basis (e^), of g, let (ejj), be the basis of g dual to 
(ei)i with respect to the form • and set 

(B.l.l) ^ = 5Z(eJ,0)A(0, ei ) eA 2 J. 

i 

The bivector ip is independent of the choice of the basis (ej)^ because it corresponds 
to the skew-symmetric bilinear pairing 

9x8 — > R, ((ui, v 2 ), (wi,w 2 )) i — > vi ■ w 2 - v 2 • w% 

through the canonical isomorphism A 2 ~ A 2 D* induced by the form • : g x g — > M. 

Consider G-manifolds M\ and M 2 equipped with quasi-Poisson bivector fields P\ 
and P 2 , respectively. Let pr i : Mi x M 2 — > Mi be the i-th projection for i — 1,2. We 
identify T(M X x M 2 ) with pr|(T(Mi))©pr|(T(M 2 )) where T stands for the tangent 
bundle of a manifold. The Lie group D = G x G acts on Mi x M 2 and, under this 
action, the bivector ip £ A 2 generates a bivector field tpMxxM 2 °f -Wi x -^2- If we 
endow Mi x M2 with the diagonal G-action, then 

(B.1.2) Pi © P 2 = pr;(Pi) + pr*(P 2 ) - xMa 

is a quasi-Poisson bivector field on Mi x M2, see [AKsMl §5]. 

For any v £ g, denote by Vq the vector field on G generated by v through the 
left action of G on itself by (g, m) i-> mg^ 1 . Similarly, denote by Vq the vector field 
on G generated by u through the left action of G on itself by (g,m) n> gm. Note 
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that the vector field Vq is left-invariant while Vq is right-invariant. (Our notation 
differs from that of [AKsM where Vq is denoted by v L and Vq is denoted by — v R .) 
Then 



(B.1.3) P G = ^( e ^ A (ef) 



G 



is a quasi-Poisson bivector field on the underlying manifold of G endowed with left 
action of G by conjugations, see [A KsMl §3]. Note that P G does not depend on the 
choice of the basis (e^)i of g since it is the bivector field generated by —ip when the 
Lie group D acts on G by ((31,52), 9) i-> 9x99^ '■ 

Let G act diagonally on the left of D = G x G by conjugations. Then 

(B.1.4) P D = -X)pr;(ei)GApr5(ejf)g-X;itti(ei)gApr5(e*)^ 



(P^(ei)l + Pr5(ei)^) A (pr*M) G + pr^(ef)g) 



is a quasi-Poisson bivector field on D, see AKsM, Examples 5.3 & 5.4]. The 
idea behind the definition of Pd is as follows. There is a general procedure which 
transforms a quasi-Poisson (G x G)-manifold into a quasi-Poisson G-manifold and 
which generalizes the fusion product of quasi-Poisson G-manifolds, see |AKsM[ 
Proposition 5.1]. Applying this procedure three times to the manifold D — G x G 
(where G 4 acts by the left/right multiplication on the two factors), one obtains Pd- 

B.2. Comparison. Assume that G = GLjv(R) with N > 1. The Lie algebra 
= gt^R) of G is equipped with the trace form defined by v ■ w = tr(vw) for 
any v, w £ Q. Let S be a compact connected oriented surface of genus g > with 
m + 1 > 1 boundary components. We choose a base point * S 9E, and fix a basis 
(pi, <7i, . . . ,p g , q g , z%, . . . , z m ) of the free group ir = 7Ti(S, *) as shown on Figure [T] 
We use this basis to identify U = Hom(vr, G) with x G m where D = GxG. By 
[AKsMj . we have the following quasi-Poisson bivector field on H: 

P' = P d ®---®Pd®Pg®---®Pg- 

g times m times 

The following theorem shows that the resulting quasi-Poisson manifold (W,P') 
coincides with the quasi-Poisson manifold (H, P) produced by Theorem 13. II 

Theorem B.l. The bivector field P' is equal to the bivector field P of Theorem ] 8. 2[ 

Proof. We first verify the equality P' — P in the case where g = and m = 1. 
Then the group n is freely generated by z = z\ and % = G. Since the elementary 
matrices fij and fji (with i, j e {1, . . . ,iV}) provide dual bases of g, (|B.1.3|) gives 

P' =P G = (frs) G A (f„)% 

so that, for any z, j, k, I € {1, ... , ^V}, 

{Zij,Zkl} P , = (frs) G {Zij) {fsr) G {Zkl) ~ {Us) G {zkl) (/ S r)c(%)- 

Moreover we have 

(B.2.1) (fsr)c;{zij) = ~SisZ r j and (/rs)o(^ij) = 3jsZi r 

since, at any point m G G, 



{fsr) G {zij){rn) = — _ J i:j (e }sr m) = -%(/ sr rn) = -<S is m 



t=o 



13 V ''*'/ ^ij\Jsr" 1 } u is'">rj 
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o 



Figure 2. The boundary connected sum Eq of Si and £2 



(/rs) G (%)( m ) 

We deduce that 

\Zij , Zkl j p, 



d 

dt 



z i0 (me tfrs ) = Zij(mf ra ) = 5 js m v 



(8j s Z ir ) (Sk s Z r l) - {5i s Z kr ) (-S is Z r j) 



fijkZirZrl 0~ilZkrZrj ' " X^ij > Zkl} p • 

Next, we verify the equality P' = P in the case where g = 1 and m = 0. Then 
the group it is freely generated by (p, q) — (pi,qi) and T-L = D. We have 

P' = Pd = -pr;(/r.)^AprS(/„)g-prI(/r.)oApr5(/ 4P )^ 
-prl(/r.)g Apr5(/„)g + prI(/r.)o Apr5(/ 4P )^ 
+ pr;(/r.)^AprI(/^)g-pr5(/r.)oApr5(/ 4P )g. 
By computations similar to the previous case, we have for any i, j,k,l £ {1, . . . , ./V} 



{Py,Pfe/}p/ 

Moreover, 

{Pij, qki} P , = 

AB.2.U 



= -SjkPirPrl + SilpkrPrj 



18. 3.51 1 



= —(SjkQirQrl + 5uqk r q r j) = {q~ij,qki} P - 

-(frs)h(Pij)(fsr)%(qkl) - (frs)B(P^)(fsr)h(m) 
-(/r.)G(Ptf)(/«-)c(?«) + (frs)b(Pij)(fsr)b(qkl) 

-(SjsPir)(~S ks qrl) - (-8 ir p s j)(Sl r qks) 
-(—SirPsj)(-Sk S qrl) + (SjsPir){Sl r qks) 

X ~ ~ _, X ~ ~ ~ ~ , - - E23J r~ - , 

= OjkPirqrl + OilPsjqks ~ Pkjqil + Piiqkj = \Pi],qkl}p ■ 

Theorem IB. II follows now from the two cases above and the following claim. 



Claim. Let S be a compact connected oriented surface with base point * £ 0S O 
which is the "boundary connected sum" of two compact connected oriented surfaces 
Si and Y,2, see Figured For each i £ {0, 1, 2}, let Pi be the quasi-Poisson bivector 
field on Hi = Hom(7Ti (E j , *), G) produced by Theorem \ 8. 6 A Then Hq = Hi x H2 
and P Q = Pi® Pi- 

For x £ 7Ti(So,*) and i,j £ {1, . . . , N}, let Xij £ C°°(Ho) be the function 
carrying any h £ T~Lq to the (i,j)-th coefficient of the matrix h{x). In order to 
verify the claim, it is enough to check that 



(B.2.2) 



{xij,ykl} Po = {Xij,ykl} 



Pi®p 2 
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for any x, y G 7ri(So, *) and i, j, k, I G {1, . . . , N}. If both x, y belong to 7ri(Sj, *) 
for some j G {1, 2}, then (|B.2.2|) follows from the equality {xij, yki} Po = {iij, Vki} P . 
(since y^ s can be fully computed in and the fact that {:%-, yki} PlSl p 2 = 
{xij,yki} P . (since the projection Hi x H2 — >• Hj carries Pi © P 2 to Pj). It remains 
to consider the case where x G 7Ti(£i, *) and y G 7Ti(£2, *). 

Since fx, ylfr v — 0, we have §2, y§ s = + — x®y — y ® x so that 

(B.2.3) {Siij2/fci} Po = S k ji: ir y r i + yksXgjSti - XkjVu - ykjXu- 

Besides we have 

{X l j,ykl\p 1@ p 2 = -{ X V'Vkl}^ HlxH2 = -Urs)uA x ij) {jsr)H2(ykl)- 

At any point m G "Hi , 

(frs)H 1 (xij)(m) = ^ ^Xij (e~ tfrs me tfrs ) 

= -Xij(f rs m) + Xij(mf ra ) = -S ir x sj (m) + S js x lr (m) 
and, by a similar computation, at any point n G H2, 

(fsr)-H 2 (yki)(n) = S ks y r i(n) +S lr y ks (n). 

Therefore 

{£ij,yki} Pl@ p 2 = - (SirX s j + Sj S Xir) (-S ks y r i + 5i r y ks ) 

= -XkjVu+ojkXirVri + oiiXgjyks — Xiiykj = {xjj, yfci}p o -n 
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